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A MathematicalTheoryof Communication

By C. E. SHANNON

INTRODUCTION�
HE recentdevelopmentof variousmethodsof modulationsuchas PCM andPPM which exchange
bandwidthfor signal-to-noiseratiohasintensifiedtheinterestin ageneraltheoryof communication.A

basisfor sucha theoryis containedin theimportantpapersof Nyquist1 andHartley2 on this subject.In the
presentpaperwewill extendthetheoryto includea numberof new factors,in particulartheeffect of noise
in thechannel,andthesavingspossibledueto thestatisticalstructureof theoriginalmessageanddueto the
natureof thefinal destinationof theinformation.

The fundamentalproblemof communicationis that of reproducingat onepoint eitherexactly or ap-
proximatelya messageselectedat anotherpoint. Frequentlythemessageshave meaning; that is they refer
to or arecorrelatedaccordingto somesystemwith certainphysicalor conceptualentities.Thesesemantic
aspectsof communicationareirrelevantto theengineeringproblem.Thesignificantaspectis thattheactual
messageis oneselectedfroma setof possiblemessages.Thesystemmustbedesignedto operatefor each
possibleselection,not just theonewhichwill actuallybechosensincethis is unknownatthetimeof design.

If thenumberof messagesin thesetis finite thenthisnumberor any monotonicfunctionof thisnumber
canbe regardedasa measureof the informationproducedwhenonemessageis chosenfrom the set,all
choicesbeing equally likely. As was pointedout by Hartley the most naturalchoiceis the logarithmic
function. Althoughthis definitionmustbegeneralizedconsiderablywhenwe considerthe influenceof the
statisticsof the messageandwhenwe have a continuousrangeof messages,we will in all casesusean
essentiallylogarithmicmeasure.

Thelogarithmicmeasureis moreconvenientfor variousreasons:

1. It is practicallymoreuseful.Parametersof engineeringimportancesuchastime,bandwidth,number
of relays,etc., tendto vary linearly with the logarithmof thenumberof possibilities.For example,
addingonerelayto agroupdoublesthenumberof possiblestatesof therelays.It adds1 to thebase2
logarithmof this number. Doubling the time roughly squaresthe numberof possiblemessages,or
doublesthelogarithm,etc.

2. It is nearerto our intuitive feelingasto thepropermeasure.This is closelyrelatedto (1) sincewe in-
tuitively measuresentitiesby linearcomparisonwith commonstandards.Onefeels,for example,that
two punchedcardsshouldhave twice thecapacityof onefor informationstorage,andtwo identical
channelstwice thecapacityof onefor transmittinginformation.

3. It is mathematicallymoresuitable.Many of the limiting operationsaresimplein termsof the loga-
rithm but would requireclumsyrestatementin termsof thenumberof possibilities.

Thechoiceof a logarithmicbasecorrespondsto thechoiceof a unit for measuringinformation. If the
base2 is usedthe resultingunits may be calledbinary digits, or morebriefly bits, a word suggestedby
J. W. Tukey. A device with two stablepositions,suchasa relayor a flip-flop circuit, canstoreonebit of
information.N suchdevicescanstoreN bits,sincethetotalnumberof possiblestatesis 2N andlog22N � N.
If thebase10 is usedtheunitsmaybecalleddecimaldigits. Since

log2M � log10M � log102� 3 � 32log10M �
1Nyquist,H., “CertainFactorsAffectingTelegraphSpeed,” Bell SystemTechnical Journal,April 1924,p. 324; “CertainTopicsin

TelegraphTransmissionTheory,” A.I.E.E.Trans.,v. 47,April 1928,p. 617.
2Hartley, R. V. L., “Transmissionof Information,” Bell SystemTechnical Journal,July 1928,p. 535.
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Fig. 1—Schematicdiagramof ageneralcommunicationsystem.

a decimaldigit is about31
3 bits. A digit wheelon a deskcomputingmachinehastenstablepositionsand

thereforehasastoragecapacityof onedecimaldigit. In analyticalwork whereintegrationanddifferentiation
areinvolvedthebasee is sometimesuseful.Theresultingunitsof informationwill becallednaturalunits.
Changefrom thebasea to baseb merelyrequiresmultiplicationby logba.

By a communicationsystemwe will meana systemof the type indicatedschematicallyin Fig. 1. It
consistsof essentiallyfiveparts:

1. An informationsourcewhichproducesamessageor sequenceof messagesto becommunicatedto the
receiving terminal.Themessagemaybeof varioustypes:(a) A sequenceof lettersasin a telegraph
of teletypesystem;(b) A single function of time f � t � as in radio or telephony; (c) A function of
timeandothervariablesasin blackandwhite television — herethemessagemaybethoughtof asa
function f � x � y� t � of two spacecoordinatesandtime, thelight intensityat point � x � y� andtime t on a
pickuptubeplate;(d) Two or morefunctionsof time,say f � t � , g � t � , h � t � — this is thecasein “three-
dimensional”soundtransmissionor if thesystemis intendedto serviceseveralindividualchannelsin
multiplex; (e)Severalfunctionsof severalvariables— in colortelevisionthemessageconsistsof three
functions f � x � y� t � , g � x � y� t � , h � x � y� t � definedin a three-dimensionalcontinuum— wemayalsothink
of thesethreefunctionsascomponentsof a vectorfield definedin the region — similarly, several
black andwhite television sourceswould produce“messages”consistingof a numberof functions
of threevariables;(f) Variouscombinationsalsooccur, for examplein television with anassociated
audiochannel.

2. A transmitterwhich operateson the messagein someway to producea signal suitablefor trans-
missionover the channel. In telephony this operationconsistsmerelyof changingsoundpressure
into a proportionalelectricalcurrent. In telegraphywe have anencodingoperationwhich produces
a sequenceof dots,dashesandspaceson thechannelcorrespondingto themessage.In a multiplex
PCM systemthe differentspeechfunctionsmustbe sampled,compressed,quantizedandencoded,
andfinally interleaved properlyto constructthe signal. Vocodersystems,television andfrequency
modulationareotherexamplesof complex operationsappliedto themessageto obtainthesignal.

3. Thechannelis merelythemediumusedto transmitthesignalfrom transmitterto receiver. It maybe
apairof wires,a coaxialcable,a bandof radiofrequencies,a beamof light, etc.

4. Thereceiverordinarily performstheinverseoperationof thatdoneby thetransmitter, reconstructing
themessagefrom thesignal.

5. Thedestinationis theperson(or thing) for whomthemessageis intended.

We wish to considercertaingeneralproblemsinvolving communicationsystems.To do this it is first
necessaryto representthevariouselementsinvolvedasmathematicalentities,suitablyidealizedfrom their
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physicalcounterparts.Wemayroughlyclassifycommunicationsystemsinto threemaincategories:discrete,
continuousandmixed. By a discretesystemwe will meanonein which both the messageandthesignal
area sequenceof discretesymbols.A typical caseis telegraphywherethemessageis a sequenceof letters
andthesignalasequenceof dots,dashesandspaces.A continuoussystemis onein which themessageand
signalareboth treatedascontinuousfunctions,e.g.,radio or television. A mixedsystemis onein which
bothdiscreteandcontinuousvariablesappear, e.g.,PCMtransmissionof speech.

We first considerthe discretecase.This casehasapplicationsnot only in communicationtheory, but
alsoin the theoryof computingmachines,thedesignof telephoneexchangesandotherfields. In addition
thediscretecaseformsa foundationfor thecontinuousandmixedcaseswhichwill betreatedin thesecond
half of thepaper.

PART I: DISCRETENOISELESSSYSTEMS

1. THE DISCRETE NOISELESS CHANNEL

Teletypeandtelegraphyaretwo simpleexamplesof a discretechannelfor transmittinginformation. Gen-
erally, a discretechannelwill meana systemwherebya sequenceof choicesfrom a finite setof elementary
symbolsS1 �������	� Sn canbetransmittedfrom onepoint to another. Eachof thesymbolsSi is assumedto have
a certaindurationin time ti seconds(not necessarilythe samefor differentSi , for examplethe dotsand
dashesin telegraphy).It is not requiredthatall possiblesequencesof theSi becapableof transmissionon
thesystem;certainsequencesonly maybeallowed. Thesewill bepossiblesignalsfor thechannel.Thus
in telegraphysupposethesymbolsare: (1) A dot, consistingof line closurefor a unit of time andthenline
openfor a unit of time; (2) A dash,consistingof threetime unitsof closureandoneunit open;(3) A letter
spaceconsistingof, say, threeunitsof line open;(4) A wordspaceof six unitsof line open.We mightplace
therestrictiononallowablesequencesthatnospacesfollow eachother(for if two letterspacesareadjacent,
it is identicalwith a word space).Thequestionwe now consideris how onecanmeasurethecapacityof
sucha channelto transmitinformation.

In the teletypecasewhereall symbolsareof the sameduration,andany sequenceof the 32 symbols
is allowed the answeris easy. Eachsymbolrepresentsfive bits of information. If the systemtransmitsn
symbolspersecondit is naturalto saythat thechannelhasa capacityof 5n bits persecond.This doesnot
meanthat theteletypechannelwill alwaysbe transmittinginformationat this rate— this is themaximum
possiblerateandwhetheror not theactualratereachesthismaximumdependsonthesourceof information
which feedsthechannel,aswill appearlater.

In themoregeneralcasewith differentlengthsof symbolsandconstraintson theallowedsequences,we
make thefollowing definition:
Definition: ThecapacityC of adiscretechannelis givenby

C � Lim
T 
 ∞

logN � T �
T

whereN � T � is thenumberof allowedsignalsof durationT.
It is easilyseenthatin theteletypecasethis reducesto thepreviousresult.It canbeshown thatthelimit

in questionwill exist asa finite numberin mostcasesof interest. Supposeall sequencesof the symbols
S1 ��������� Sn areallowed andthesesymbolshave durationst1 ��������� tn. What is the channelcapacity?If N � t �
representsthenumberof sequencesof durationt wehave

N � t � � N � t � t1 �
� N � t � t2 �
��������� N � t � tn ���
The total numberis equalto the sumof the numbersof sequencesendingin S1 � S2 �������	� Sn andtheseare
N � t � t1 ��� N � t � t2 ���������	� N � t � tn � , respectively. Accordingto a well-known resultin finite differences,N � t �
is thenasymptoticfor larget to Xt

0 whereX0 is thelargestrealsolutionof thecharacteristicequation:

X � t1 � X � t2 ��������� X � tn � 1

3



andtherefore
C � logX0 �

In casetherearerestrictionsonallowedsequenceswemaystill oftenobtainadifferenceequationof this
typeandfind C from thecharacteristicequation.In thetelegraphycasementionedabove

N � t � � N � t � 2�
� N � t � 4�
� N � t � 5��� N � t � 7�
� N � t � 8�
� N � t � 10�
as we seeby countingsequencesof symbolsaccordingto the last or next to the last symboloccurring.
HenceC is � log � 0 where� 0 is thepositive rootof 1 � � 2 ��� 4 ��� 5 ��� 7 ��� 8 ��� 10. Solvingthiswefind
C � 0 � 539.

A very generaltype of restrictionwhich may be placedon allowed sequencesis the following: We
imagineanumberof possiblestatesa1 � a2 ��������� am. For eachstateonly certainsymbolsfrom thesetS1 �������	� Sn

canbe transmitted(differentsubsetsfor thedifferentstates).Whenoneof thesehasbeentransmittedthe
statechangesto a new statedependingboth on the old stateandthe particularsymbol transmitted.The
telegraphcaseis a simpleexampleof this. Therearetwo statesdependingon whetheror not a spacewas
thelastsymboltransmitted.If so,thenonly a dot or a dashcanbesentnext andthestatealwayschanges.
If not,any symbolcanbetransmittedandthestatechangesif aspaceis sent,otherwiseit remainsthesame.
Theconditionscanbeindicatedin a lineargraphasshown in Fig. 2. Thejunctionpointscorrespondto the

DASH

DOT

DASH

DOT

LETTER SPACE

WORD SPACE

Fig. 2—Graphicalrepresentationof theconstraintson telegraphsymbols.

statesandthelinesindicatethesymbolspossiblein astateandtheresultingstate.In Appendix1 it is shown
thatif theconditionsonallowedsequencescanbedescribedin this form C will exist andcanbecalculated
in accordancewith thefollowing result:

Theorem1: Let b � s�i j bethedurationof thesth symbolwhich is allowablein statei andleadsto state j.
ThenthechannelcapacityC is equalto logW whereW is thelargestrealrootof thedeterminantequation:���∑

s
W � b � s�i j ��� i j

��� � 0

where� i j
� 1 if i � j andis zerootherwise.

For example,in thetelegraphcase(Fig. 2) thedeterminantis:���� � 1 � W � 2 � W � 4 �� W � 3 � W � 6 ��� W � 2 � W � 4 � 1� ���� � 0 �
Onexpansionthis leadsto theequationgivenabovefor thiscase.

2. THE DISCRETE SOURCE OF INFORMATION

Wehaveseenthatunderverygeneralconditionsthelogarithmof thenumberof possiblesignalsin adiscrete
channelincreaseslinearly with time. Thecapacityto transmitinformationcanbespecifiedby giving this
rateof increase,thenumberof bitspersecondrequiredto specifytheparticularsignalused.

Wenow considertheinformationsource.How is aninformationsourceto bedescribedmathematically,
andhow muchinformationin bits persecondis producedin a givensource?Themainpoint at issueis the
effect of statisticalknowledgeaboutthesourcein reducingtherequiredcapacityof thechannel,by theuse
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of properencodingof theinformation.In telegraphy, for example,themessagesto betransmittedconsistof
sequencesof letters.Thesesequences,however, arenotcompletelyrandom.In general,they form sentences
andhave thestatisticalstructureof, say, English.TheletterE occursmorefrequentlythanQ, thesequence
TH morefrequentlythanXP, etc. Theexistenceof this structureallows oneto make a saving in time (or
channelcapacity)by properlyencodingthemessagesequencesinto signalsequences.This is alreadydone
to a limited extentin telegraphyby usingtheshortestchannelsymbol,a dot, for themostcommonEnglish
letterE; while theinfrequentletters,Q, X, Z arerepresentedby longersequencesof dotsanddashes.This
ideais carriedstill further in certaincommercialcodeswherecommonwordsandphrasesarerepresented
by four- or five-lettercodegroupswith a considerablesaving in averagetime. Thestandardizedgreeting
andanniversarytelegramsnow in useextendthis to thepointof encodingasentenceor two into arelatively
shortsequenceof numbers.

We canthink of a discretesourceasgeneratingthemessage,symbolby symbol. It will choosesucces-
sive symbolsaccordingto certainprobabilitiesdepending,in general,on precedingchoicesaswell asthe
particularsymbolsin question.A physicalsystem,or a mathematicalmodelof a systemwhich produces
sucha sequenceof symbolsgovernedby a setof probabilities,is known asa stochasticprocess.3 We may
considera discretesource,therefore,to berepresentedby a stochasticprocess.Conversely, any stochastic
processwhichproducesadiscretesequenceof symbolschosenfrom afinite setmaybeconsideredadiscrete
source.Thiswill includesuchcasesas:

1. Naturalwritten languagessuchasEnglish,German,Chinese.

2. Continuousinformationsourcesthat have beenrendereddiscreteby somequantizingprocess.For
example,thequantizedspeechfrom aPCMtransmitter, or a quantizedtelevisionsignal.

3. Mathematicalcaseswherewe merely defineabstractlya stochasticprocesswhich generatesa se-
quenceof symbols.Thefollowing areexamplesof this lasttypeof source.

(A) SupposewehavefivelettersA, B, C, D, E whicharechoseneachwith probability.2,successive
choicesbeingindependent.This would leadto a sequenceof which the following is a typical
example.
B D C B C E C C C A D C B D D A A E C E E A
A B B D A E E C A C E E B A E E C B C E A D.
Thiswasconstructedwith theuseof a tableof randomnumbers.4

(B) Usingthesamefive letterslet theprobabilitiesbe.4, .1, .2, .2, .1, respectively, with successive
choicesindependent.A typicalmessagefrom thissourceis then:

A A A C D C B D C E A A D A D A C E D A
E A D C A B E D A D D C E C A A A A A D.

(C) A morecomplicatedstructureis obtainedif successive symbolsarenot chosenindependently
but their probabilitiesdependon precedingletters. In the simplestcaseof this type a choice
dependsonly on the precedingletterandnot on onesbeforethat. Thestatisticalstructurecan
thenbedescribedby asetof transitionprobabilitiespi � j � , theprobabilitythatletteri is followed
by letter j. Theindicesi and j rangeoverall thepossiblesymbols.A secondequivalentway of
specifyingthestructureis to givethe“digram” probabilitiesp � i � j � , i.e.,therelativefrequency of
thedigrami j. Theletterfrequenciesp � i � , (theprobabilityof letteri), thetransitionprobabilities

3See,for example,S.Chandrasekhar, “StochasticProblemsin PhysicsandAstronomy,” Reviewsof ModernPhysics, v. 15, No. 1,
January1943,p. 1.

4KendallandSmith,Tablesof RandomSamplingNumbers,Cambridge,1939.
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pi � j � andthedigramprobabilitiesp � i � j � arerelatedby thefollowing formulas:

p � i � � ∑
j

p � i � j � � ∑
j

p � j � i � � ∑
j

p � j � p j � i �
p � i � j � � p � i � pi � j �

∑
j

pi � j � � ∑
i

p � i � � ∑
i � j p � i � j � � 1 �

As a specificexamplesupposetherearethreelettersA, B, C with theprobabilitytables:

pi � j � j

A B C

A 0 4
5

1
5

i B 1
2

1
2 0

C 1
2

2
5

1
10

i p � i �
A 9

27

B 16
27

C 2
27

p � i � j � j

A B C

A 0 4
15

1
15

i B 8
27

8
27 0

C 1
27

4
135

1
135

A typicalmessagefrom thissourceis thefollowing:

A B B A B A B A B A B A B A B B B A B B B B B A B A B A B A B A B B B A C A C A B
B A B B B B A B B A B A C B B B A B A.
Thenext increasein complexity would involve trigramfrequenciesbut no more.Thechoiceof
a letterwould dependon theprecedingtwo lettersbut not on themessagebeforethatpoint. A
setof trigramfrequenciesp � i � j � k� or equivalentlya setof transitionprobabilitiespi j � k� would
berequired.Continuingin this way oneobtainssuccessively morecomplicatedstochasticpro-
cesses.In thegeneraln-gramcasea setof n-gramprobabilitiesp � i1 � i2 �������	� in � or of transition
probabilitiespi1 � i2 �    � in ! 1 � in � is requiredto specifythestatisticalstructure.

(D) Stochasticprocessescan also be definedwhich producea text consistingof a sequenceof
“words.” Supposetherearefive lettersA, B, C, D, E and 16 “words” in the languagewith
associatedprobabilities:

.10A .16BEBE .11CABED .04DEB

.04ADEB .04BED .05CEED .15DEED

.05ADEE .02BEED .08DAB .01EAB

.01BADD .05CA .04DAD .05EE

Supposesuccessive “words” arechosenindependentlyandareseparatedby a space.A typical
messagemightbe:
DAB EEA BEBEDEEDDEB ADEE ADEE EEDEB BEBEBEBEBEBEADEE BED DEED
DEEDCEEDADEE A DEEDDEEDBEBECABED BEBEBED DAB DEEDADEB.

If all thewordsareof finite lengththis processis equivalentto oneof theprecedingtype,but
the descriptionmaybe simplerin termsof the word structureandprobabilities.We mayalso
generalizehereandintroducetransitionprobabilitiesbetweenwords,etc.

Theseartificial languagesareuseful in constructingsimpleproblemsandexamplesto illustratevari-
ouspossibilities.We canalsoapproximateto a naturallanguageby meansof a seriesof simpleartificial
languages.Thezero-orderapproximationis obtainedby choosingall letterswith thesameprobabilityand
independently. Thefirst-orderapproximationis obtainedby choosingsuccessive lettersindependentlybut
eachletter having the sameprobability that it hasin the natural language.5 Thus, in the first-orderap-
proximationto English,E is chosenwith probability .12 (its frequency in normalEnglish) and W with
probability .02, but thereis no influencebetweenadjacentlettersandno tendency to form the preferred

5Letter, digramandtrigramfrequenciesaregivenin SecretandUrgentby FletcherPratt,BlueRibbonBooks,1939.Wordfrequen-
ciesaretabulatedin RelativeFrequencyof EnglishSpeech Sounds,G. Dewey, HarvardUniversityPress,1923.
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digramssuchasTH, ED, etc. In thesecond-orderapproximation,digramstructureis introduced.After a
letter is chosen,the next oneis chosenin accordancewith the frequencieswith which the variousletters
follow the first one. This requiresa tableof digramfrequenciespi � j � . In the third-orderapproximation,
trigramstructureis introduced.Eachletter is chosenwith probabilitieswhich dependon theprecedingtwo
letters.

3. THE SERIES OF APPROXIMATIONS TO ENGLISH

To giveavisualideaof how thisseriesof processesapproachesa language,typicalsequencesin theapprox-
imationsto Englishhave beenconstructedandaregivenbelow. In all caseswe have assumeda 27-symbol
“alphabet,” the26 lettersanda space.

1. Zero-orderapproximation(symbolsindependentandequiprobable).

XFOML RXKHRJFFJUJZLPWCFWKCYJ FFJEYVKCQSGHYDQPAAMKBZAA CIBZL-
HJQD.

2. First-orderapproximation(symbolsindependentbut with frequenciesof Englishtext).

OCRO HLI RGWR NMIELWIS EU LL NBNESEBYA TH EEI ALHENHTTPA OOBTTVA
NAH BRL.

3. Second-orderapproximation(digramstructureasin English).

ON IE ANTSOUTINYS ARE T INCTORE ST BE S DEAMY ACHIN D ILONASIVE TU-
COOWE AT TEASONARE FUSOTIZIN ANDY TOBESEACECTISBE.

4. Third-orderapproximation(trigramstructureasin English).

IN NO IST LAT WHEY CRATICT FROUREBIRS GROCID PONDENOMEOF DEMONS-
TURESOFTHE REPTAGIN IS REGOACTIONA OFCRE.

5. First-orderwordapproximation.Ratherthancontinuewith tetragram,����� , n-gramstructureit is easier
andbetterto jump at this point to word units. Herewordsarechosenindependentlybut with their
appropriatefrequencies.

REPRESENTINGAND SPEEDILY IS AN GOODAPT OR COME CAN DIFFERENTNAT-
URAL HEREHETHEA IN CAME THETOOFTOEXPERT GRAY COMETOFURNISHES
THE LINE MESSAGEHAD BE THESE.

6. Second-orderwordapproximation.Theword transitionprobabilitiesarecorrectbut no furtherstruc-
tureis included.

THE HEAD AND IN FRONTAL ATTACK ON AN ENGLISH WRITER THAT THE CHAR-
ACTEROFTHISPOINTISTHEREFOREANOTHERMETHODFORTHELETTERSTHAT
THE TIME OFWHO EVERTOLD THE PROBLEM FORAN UNEXPECTED.

Theresemblanceto ordinaryEnglishtext increasesquitenoticeablyateachof theabovesteps.Notethat
thesesampleshavereasonablygoodstructureout to abouttwice therangethatis takeninto accountin their
construction.Thusin (3) the statisticalprocessinsuresreasonabletext for two-lettersequences,but four-
lettersequencesfrom thesamplecanusuallybefitted into goodsentences.In (6) sequencesof four or more
wordscaneasilybeplacedin sentenceswithout unusualor strainedconstructions.Theparticularsequence
of tenwords“attackonanEnglishwriter thatthecharacterof this” is notatall unreasonable.It appearsthen
thata sufficiently complex stochasticprocesswill givea satisfactoryrepresentationof a discretesource.

The first two sampleswereconstructedby the useof a book of randomnumbersin conjunctionwith
(for example2) a tableof letter frequencies.This methodmight have beencontinuedfor (3), (4) and(5),
sincedigram,trigramandword frequency tablesareavailable,but a simplerequivalentmethodwasused.
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To construct(3) for example,oneopensa bookat randomandselectsa letterat randomon thepage.This
letter is recorded.Thebook is thenopenedto anotherpageandonereadsuntil this letter is encountered.
The succeedingletter is thenrecorded.Turning to anotherpagethis secondletter is searchedfor andthe
succeedingletter recorded,etc. A similar processwasusedfor (4), (5) and(6). It would be interestingif
furtherapproximationscouldbeconstructed,but thelaborinvolvedbecomesenormousat thenext stage.

4. GRAPHICAL REPRESENTATION OF A MARKOFF PROCESS

Stochasticprocessesof the typedescribedabove areknown mathematicallyasdiscreteMarkoff processes
andhave beenextensively studiedin the literature.6 Thegeneralcasecanbedescribedasfollows: There
exist a finite numberof possible“states”of a system;S1 � S2 �������	� Sn. In additionthereis a setof transition
probabilities;pi � j � theprobability that if thesystemis in stateSi it will next go to stateSj . To make this
Markoff processinto aninformationsourceweneedonly assumethata letteris producedfor eachtransition
from onestateto another. Thestateswill correspondto the“residueof influence”from precedingletters.

Thesituationcanberepresentedgraphicallyasshown in Figs.3, 4 and5. The“states”arethejunction

A
B

C

D

E"$#
"%#

" &
" &

" '

Fig. 3—A graphcorrespondingto thesourcein exampleB.

pointsin thegraphandtheprobabilitiesandlettersproducedfor atransitionaregivenbesidethecorrespond-
ing line. Figure3 is for theexampleB in Section2, while Fig. 4 correspondsto theexampleC. In Fig. 3

A
A

B

B

BC

C

"%#
" ( " ( " (

" & " )
" '

Fig. 4—A graphcorrespondingto thesourcein exampleC.

thereis only onestatesincesuccessive lettersareindependent.In Fig. 4 thereareasmany statesasletters.
If a trigramexamplewereconstructedtherewould beat mostn2 statescorrespondingto thepossiblepairs
of lettersprecedingtheonebeingchosen.Figure5 is a graphfor thecaseof word structurein exampleD.
HereScorrespondsto the“space”symbol.

5. ERGODIC AND M IXED SOURCES

As we have indicatedabove a discretesourcefor our purposescanbe consideredto be representedby a
Markoff process.Among the possiblediscreteMarkoff processesthereis a groupwith specialproperties
of significancein communicationtheory. This specialclassconsistsof the “ergodic” processesand we
shallcall thecorrespondingsourcesergodicsources.Althougharigorousdefinitionof anergodicprocessis
somewhatinvolved,thegeneralideaissimple.In anergodicprocesseverysequenceproducedby theprocess

6For a detailedtreatmentseeM. Fréchet,Méthodedesfonctionsarbitraires. Théoriedesév́enementsenchâıne dansle casd’un
nombrefini d’étatspossibles. Paris,Gauthier-Villars, 1938.
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is the samein statisticalproperties.Thusthe letter frequencies,digramfrequencies,etc., obtainedfrom
particularsequences,will, as the lengthsof the sequencesincrease,approachdefinite limits independent
of theparticularsequence.Actually this is not trueof every sequencebut thesetfor which it is falsehas
probabilityzero.Roughlytheergodicpropertymeansstatisticalhomogeneity.

All theexamplesof artificial languagesgivenaboveareergodic.Thispropertyis relatedto thestructure
of thecorrespondinggraph. If thegraphhasthe following two properties7 thecorrespondingprocesswill
beergodic:

1. Thegraphdoesnotconsistof two isolatedpartsA andB suchthatit is impossibleto gofrom junction
pointsin partA to junctionpointsin partB alonglinesof thegraphin thedirectionof arrowsandalso
impossibleto go from junctionsin partB to junctionsin partA.

2. A closedseriesof linesin thegraphwith all arrowson thelinespointingin thesameorientationwill
becalleda“circuit.” The“length” of acircuit is thenumberof linesin it. Thusin Fig.5 seriesBEBES
is acircuit of length5. Thesecondpropertyrequiredis thatthegreatestcommondivisorof thelengths
of all circuitsin thegraphbeone.
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B B
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E

Fig. 5—A graphcorrespondingto thesourcein exampleD.

If thefirst conditionis satisfiedbut thesecondoneviolatedby having thegreatestcommondivisorequal
to d * 1, thesequenceshaveacertaintypeof periodicstructure.Thevarioussequencesfall into d different
classeswhich arestatisticallythesameapartfrom a shift of theorigin (i.e., which letter in thesequenceis
calledletter1). By a shift of from 0 up to d � 1 any sequencecanbemadestatisticallyequivalentto any
other. A simpleexamplewith d � 2 is the following: Therearethreepossiblelettersa � b � c. Letter a is
followedwith eitherb or c with probabilities1

3 and 2
3 respectively. Eitherb or c is alwaysfollowedby letter

a. Thusa typical sequenceis
a b a c a c a c a b a c a b a b a c a c �

This typeof situationis notof muchimportancefor ourwork.
If thefirst conditionis violatedthegraphmaybeseparatedinto asetof subgraphseachof whichsatisfies

thefirst condition.We will assumethatthesecondconditionis alsosatisfiedfor eachsubgraph.We have in
thiscasewhatmaybecalleda “mixed” sourcemadeupof a numberof purecomponents.Thecomponents
correspondto thevarioussubgraphs.If L1, L2, L3 ������� arethecomponentsourceswemaywrite

L � p1L1 � p2L2 � p3L3 �������
7Thesearerestatementsin termsof thegraphof conditionsgivenin Fréchet.
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wherepi is theprobabilityof thecomponentsourceLi .
Physicallythesituationrepresentedis this: ThereareseveraldifferentsourcesL1, L2, L3 ������� which are

eachof homogeneousstatisticalstructure(i.e., they areergodic). We do not know a priori which is to be
used,but oncethesequencestartsin a givenpurecomponentLi , it continuesindefinitelyaccordingto the
statisticalstructureof thatcomponent.

As anexampleonemay take two of the processesdefinedabove andassumep1
� � 2 and p2

� � 8. A
sequencefrom themixedsource

L � � 2L1 ��� 8L2

would beobtainedby choosingfirst L1 or L2 with probabilities.2 and.8 andafter this choicegeneratinga
sequencefrom whicheverwaschosen.

Exceptwhenthecontraryis statedweshallassumeasourceto beergodic.Thisassumptionenablesone
to identifyaveragesalongasequencewith averagesovertheensembleof possiblesequences(theprobability
of a discrepancy being zero). For examplethe relative frequency of the letter A in a particularinfinite
sequencewill be,with probabilityone,equalto its relative frequency in theensembleof sequences.

If Pi is theprobabilityof statei andpi � j � thetransitionprobabilityto statej, thenfor theprocessto be
stationaryit is clearthatthePi mustsatisfyequilibriumconditions:

Pj
� ∑

i

Pi pi � j ���
In theergodiccaseit canbeshown thatwith any startingconditionstheprobabilitiesPj � N � of beingin state
j afterN symbols,approachtheequilibriumvaluesasN + ∞.

6. CHOICE, UNCERTAINTY AND ENTROPY

We have representeda discreteinformationsourceasa Markoff process.Canwe definea quantitywhich
will measure,in somesense,how muchinformationis “produced”by sucha process,or better, atwhatrate
informationis produced?

Supposewe have a setof possibleeventswhoseprobabilitiesof occurrenceare p1 � p2 �������	� pn. These
probabilitiesareknown but that is all we know concerningwhich eventwill occur. Canwe find a measure
of how much“choice” is involvedin theselectionof theeventor of how uncertainweareof theoutcome?

If thereis suchameasure,sayH � p1 � p2 ��������� pn � , it is reasonableto requireof it thefollowing properties:

1. H shouldbecontinuousin the pi .

2. If all the pi areequal,pi
� 1

n, thenH shouldbea monotonicincreasingfunctionof n. With equally
likely eventsthereis morechoice,or uncertainty, whentherearemorepossibleevents.

3. If a choicebebrokendown into two successive choices,theoriginal H shouldbe theweightedsum
of the individual valuesof H. Themeaningof this is illustratedin Fig. 6. At the left we have three#�,-&#�,-.

#�,-/
#�,0&
#�,0& &1,-.#�,-.

#�,0&
#�,0.#�,0/

Fig. 6—Decompositionof achoicefrom threepossibilities.

possibilitiesp1
� 1

2, p2
� 1

3, p3
� 1

6. Ontheright wefirst choosebetweentwo possibilitieseachwith
probability 1

2, andif thesecondoccursmake anotherchoicewith probabilities2
3, 1

3. Thefinal results
havethesameprobabilitiesasbefore.We require,in thisspecialcase,that

H � 12 � 1
3 � 1

6 � � H � 12 � 1
2 �
� 1

2H � 23 � 1
3 ���

Thecoefficient 1
2 is becausethissecondchoiceonly occurshalf thetime.
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In Appendix2, thefollowing resultis established:

Theorem2: Theonly H satisfyingthethreeaboveassumptionsis of theform:

H � � K
n

∑
i 2 1

pi logpi

whereK is a positiveconstant.

This theorem,andtheassumptionsrequiredfor its proof,arein nowaynecessaryfor thepresenttheory.
It is givenchiefly to lendacertainplausibility to someof our laterdefinitions.Therealjustificationof these
definitions,however, will residein their implications.

Quantitiesof theform H � � ∑ pi logpi (theconstantK merelyamountsto achoiceof aunit of measure)
playacentralrole in informationtheoryasmeasuresof information,choiceanduncertainty. Theform of H
will berecognizedasthatof entropy asdefinedin certainformulationsof statisticalmechanics8 wherepi is
theprobabilityof a systembeingin cell i of its phasespace.H is then,for example,theH in Boltzmann’s
famousH theorem.Weshallcall H � � ∑ pi logpi theentropy of thesetof probabilitiesp1 ��������� pn. If x is a
chancevariablewe will write H � x� for its entropy; thusx is not anargumentof a functionbut a labelfor a
number, to differentiateit from H � y� say, theentropy of thechancevariabley.

Theentropy in thecaseof two possibilitieswith probabilitiesp andq � 1 � p, namely

H � �3� plogp � qlogq�
is plottedin Fig. 7 asa functionof p.

H
BITS

p

4"%#
" &" .
" '" (
" /" 5
" )" 6
#7" 4

4 "$# " & " . " ' " ( " / " 5 " ) " 6 #1" 4
Fig. 7—Entropy in thecaseof two possibilitieswith probabilitiesp and 8 1 9 p: .

The quantity H hasa numberof interestingpropertieswhich further substantiateit as a reasonable
measureof choiceor information.

1. H � 0 if andonly if all the pi but onearezero,this onehaving thevalueunity. Thusonly whenwe
arecertainof theoutcomedoesH vanish.OtherwiseH is positive.

2. For a given n, H is a maximumandequalto logn whenall the pi areequal(i.e., 1
n). This is also

intuitively themostuncertainsituation.

8See,for example,R. C. Tolman,Principlesof StatisticalMechanics,Oxford,Clarendon,1938.
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3. Supposetherearetwo events,x andy, in questionwith mpossibilitiesfor thefirst andn for thesecond.
Let p � i � j � betheprobabilityof thejoint occurrenceof i for thefirst and j for thesecond.Theentropy of the
joint eventis

H � x � y� � � ∑
i � j p � i � j � log p � i � j �

while

H � x� � � ∑
i � j p � i � j � log∑

j

p � i � j �
H � y� � � ∑

i � j p � i � j � log∑
i

p � i � j ���
It is easilyshown that

H � x � y�<; H � x�
� H � y�
with equalityonly if theeventsareindependent(i.e., p � i � j � � p � i � p � j � ). Theuncertaintyof a joint eventis
lessthanor equalto thesumof theindividualuncertainties.

4. Any changetowardequalizationof theprobabilitiesp1 � p2 �������	� pn increasesH. Thusif p1 = p2 and
we increasep1, decreasingp2 anequalamountsothat p1 andp2 aremorenearlyequal,thenH increases.
Moregenerally, if weperformany “averaging”operationon the pi of theform

p>i � ∑
j

ai j p j

where∑i ai j
� ∑ j ai j

� 1, andall ai j ? 0, thenH increases(exceptin thespecialcasewherethis transfor-
mationamountsto nomorethanapermutationof the p j with H of courseremainingthesame).

5. Supposetherearetwo chanceeventsx andy asin 3, not necessarilyindependent.For any particular
valuei thatx canassumethereis aconditionalprobabilitypi � j � thaty hasthevalue j. This is givenby

pi � j � � p � i � j �
∑ j p � i � j � �

Wedefinetheconditionalentropyof y, Hx � y� astheaverageof theentropy of y for eachvalueof x, weighted
accordingto theprobabilityof gettingthatparticularx. Thatis

Hx � y� � � ∑
i � j p � i � j � logpi � j ���

Thisquantitymeasureshow uncertainweareof y ontheaveragewhenweknow x. Substitutingthevalueof
pi � j � weobtain

Hx � y� � � ∑
i � j p � i � j � log p � i � j �
� ∑

i � j p � i � j � log∑
j

p � i � j �� H � x � y�@� H � x�
or

H � x � y� � H � x�
� Hx � y���
Theuncertainty(or entropy) of thejoint eventx � y is theuncertaintyof x plustheuncertaintyof y whenx is
known.

6. From3 and5 wehave
H � x�
� H � y� ? H � x � y� � H � x��� Hx � y���

Hence
H � y� ? Hx � y���

Theuncertaintyof y is neverincreasedbyknowledgeof x. It will bedecreasedunlessxandyareindependent
events,in whichcaseit is notchanged.
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7. THE ENTROPY OF AN INFORMATION SOURCE

Considera discretesourceof thefinite statetypeconsideredabove. For eachpossiblestatei therewill bea
setof probabilitiespi � j � of producingthevariouspossiblesymbolsj. Thusthereis anentropy Hi for each
state.Theentropy of thesourcewill bedefinedastheaverageof theseHi weightedin accordancewith the
probabilityof occurrenceof thestatesin question:

H � ∑
i

PiHi� � ∑
i � j Pi pi � j � log pi � j ���

This is theentropy of thesourcepersymbolof text. If theMarkoff processis proceedingat a definitetime
ratethereis alsoanentropy persecond

H > � ∑
i

fiHi

where fi is theaveragefrequency (occurrencespersecond)of statei. Clearly

H > � mH

wherem is theaveragenumberof symbolsproducedpersecond.H or H > measurestheamountof informa-
tion generatedby thesourcepersymbolor persecond.If thelogarithmicbaseis 2, they will representbits
persymbolor persecond.

If successivesymbolsareindependentthenH is simply � ∑ pi logpi wherepi is theprobabilityof sym-
bol i. Supposein this casewe considera long messageof N symbols.It will containwith high probability
aboutp1N occurrencesof thefirst symbol,p2N occurrencesof thesecond,etc.Hencetheprobabilityof this
particularmessagewill beroughly

p � pp1N
1 pp2N

2 ����� ppnN
n

or

logp
�� N∑

i

pi logpi

logp
�� � NH

H
�� log1 � p

N
�

H is thusapproximatelythelogarithmof thereciprocalprobabilityof atypical longsequencedividedby the
numberof symbolsin thesequence.Thesameresultholdsfor any source.Statedmorepreciselywe have
(seeAppendix3):

Theorem3: Givenany AB* 0 and �C* 0, wecanfind anN0 suchthatthesequencesof any lengthN ? N0

fall into two classes:

1. A setwhosetotal probabilityis lessthan A .
2. Theremainder, all of whosemembershaveprobabilitiessatisfyingtheinequality���� logp � 1

N
� H

���� = ���
In otherwordswearealmostcertainto have

logp� 1

N
verycloseto H whenN is large.

A closelyrelatedresultdealswith thenumberof sequencesof variousprobabilities.Consideragainthe
sequencesof lengthN andlet thembe arrangedin orderof decreasingprobability. We definen � q� to be
the numberwe musttake from this setstartingwith the mostprobableonein orderto accumulatea total
probabilityq for thosetaken.
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Theorem4:

Lim
N 
 ∞

logn � q�
N

� H

whenq doesnotequal0 or 1.

Wemayinterpretlogn � q� asthenumberof bits requiredto specifythesequencewhenweconsideronly

themostprobablesequenceswith a total probabilityq. Then
logn � q�

N
is thenumberof bits persymbolfor

thespecification.Thetheoremsaysthat for largeN this will beindependentof q andequalto H. Therate
of growth of thelogarithmof thenumberof reasonablyprobablesequencesis givenby H, regardlessof our
interpretationof “reasonablyprobable.” Dueto theseresults,whichareprovedin Appendix3, it is possible
for mostpurposesto treatthelongsequencesasthoughtherewerejust2HN of them,eachwith aprobability
2 � HN.

The next two theoremsshow that H and H > can be determinedby limiting operationsdirectly from
thestatisticsof themessagesequences,without referenceto thestatesandtransitionprobabilitiesbetween
states.

Theorem5: Let p � Bi � betheprobabilityof asequenceBi of symbolsfrom thesource.Let

GN
� � 1

N ∑
i

p � Bi � logp � Bi �
wherethesumis overall sequencesBi containingN symbols.ThenGN is a monotonicdecreasingfunction
of N and

Lim
N 
 ∞

GN
� H �

Theorem6: Let p � Bi � Sj � be the probability of sequenceBi followed by symbol Sj and pBi � Sj � �
p � Bi � Sj ��� p � Bi � betheconditionalprobabilityof Sj afterBi . Let

FN
� � ∑

i � j p � Bi � Sj � logpBi � Sj �
wherethe sumis over all blocksBi of N � 1 symbolsandover all symbolsSj . ThenFN is a monotonic
decreasingfunctionof N,

FN
� NGN �D� N � 1� GN � 1 �

GN
� 1

N

N

∑
n2 1

Fn �
FN ; GN �

andLimN 
 ∞ FN
� H.

Theseresultsarederivedin Appendix3. They show thataseriesof approximationsto H canbeobtained
by consideringonly thestatisticalstructureof thesequencesextendingover 1 � 2 ��������� N symbols.FN is the
betterapproximation.In fact FN is the entropy of the Nth orderapproximationto the sourceof the type
discussedabove. If thereareno statisticalinfluencesextendingover morethanN symbols,that is if the
conditionalprobabilityof thenext symbolknowing thepreceding� N � 1� is notchangedby aknowledgeof
any beforethat,thenFN

� H. FN of courseis theconditionalentropy of thenext symbolwhenthe � N � 1�
precedingonesareknown, while GN is theentropy persymbolof blocksof N symbols.

Theratioof theentropy of asourceto themaximumvalueit couldhavewhile still restrictedto thesame
symbolswill becalledits relativeentropy. This is themaximumcompressionpossiblewhenweencodeinto
thesamealphabet.Oneminustherelative entropy is theredundancy. Theredundancy of ordinaryEnglish,
not consideringstatisticalstructureover greaterdistancesthanabouteight letters,is roughly 50%. This
meansthatwhenwewrite Englishhalf of whatwewrite is determinedby thestructureof thelanguageand
half is chosenfreely. Thefigure50%wasfoundby several independentmethodswhich all gave resultsin
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thisneighborhood.Oneis by calculationof theentropy of theapproximationsto English.A secondmethod
is to deletea certainfractionof the lettersfrom a sampleof Englishtext andthenlet someoneattemptto
restorethem. If they canberestoredwhen50%aredeletedtheredundancy mustbegreaterthan50%. A
third methoddependsoncertainknown resultsin cryptography.

Two extremesof redundancy in Englishprosearerepresentedby BasicEnglishandby JamesJoyce’s
book“FinnegansWake”. TheBasicEnglishvocabulary is limited to 850wordsandtheredundancy is very
high. This is reflectedin theexpansionthatoccurswhena passageis translatedinto BasicEnglish. Joyce
on theotherhandenlargesthevocabularyandis allegedto achievea compressionof semanticcontent.

The redundancy of a languageis relatedto the existenceof crossword puzzles. If the redundancy is
zeroany sequenceof lettersis a reasonabletext in the languageandany two-dimensionalarrayof letters
formsacrosswordpuzzle.If theredundancy is toohighthelanguageimposestoomany constraintsfor large
crosswordpuzzlesto bepossible.A moredetailedanalysisshowsthatif weassumetheconstraintsimposed
by thelanguageareof a ratherchaoticandrandomnature,largecrossword puzzlesarejust possiblewhen
theredundancy is 50%.If theredundancy is 33%,three-dimensionalcrosswordpuzzlesshouldbepossible,
etc.

8. REPRESENTATION OF THE ENCODING AND DECODING OPERATIONS

We have yet to representmathematicallythe operationsperformedby the transmitterandreceiver in en-
codinganddecodingtheinformation. Eitherof thesewill becalleda discretetransducer. Theinput to the
transduceris a sequenceof inputsymbolsandits outputasequenceof outputsymbols.Thetransducermay
haveaninternalmemorysothatits outputdependsnotonly onthepresentinputsymbolbut alsoonthepast
history. We assumethattheinternalmemoryis finite, i.e., thereexist a finite numbermof possiblestatesof
the transducerandthat its outputis a functionof thepresentstateandthepresentinput symbol. Thenext
statewill beasecondfunctionof thesetwo quantities.Thusatransducercanbedescribedby two functions:

yn
� f � xn �FE n �E nG 1
� g � xn �FE n �

where

xn is thenth inputsymbol,E n is thestateof thetransducerwhenthenth input symbolis introduced,

yn is theoutputsymbol(or sequenceof outputsymbols)producedwhenxn is introducedif thestateis E n.

If theoutputsymbolsof onetransducercanbeidentifiedwith theinputsymbolsof asecond,they canbe
connectedin tandemandtheresultis alsoa transducer. If thereexistsa secondtransducerwhich operates
on theoutputof thefirst andrecoverstheoriginal input, thefirst transducerwill becallednon-singularand
thesecondwill becalledits inverse.

Theorem7: The outputof a finite statetransducerdriven by a finite statestatisticalsourceis a finite
statestatisticalsource,with entropy (perunit time) lessthanor equalto thatof the input. If thetransducer
is non-singularthey areequal.

Let E representthestateof thesource,whichproducesasequenceof symbolsxi ; andlet H bethestateof
thetransducer, whichproduces,in its output,blocksof symbolsy j . Thecombinedsystemcanberepresented
by the“productstatespace”of pairs �FEI�FHJ� . Two pointsin thespace�FE 1 �KH 1 � and �KE 2 �KH 2 � , areconnectedby
a line if E 1 canproduceanx which changesH 1 to H 2, andthis line is giventheprobabilityof thatx in this
case.Theline is labeledwith theblockof y j symbolsproducedby thetransducer. Theentropy of theoutput
canbecalculatedastheweightedsumoverthestates.If wesumfirst on H eachresultingtermis lessthanor
equalto thecorrespondingtermfor E , hencetheentropy is not increased.If thetransduceris non-singular
let its outputbeconnectedto theinversetransducer. If H >1, H >2 andH >3 aretheoutputentropiesof thesource,
thefirst andsecondtransducersrespectively, thenH >1 ? H >2 ? H >3 � H >1 andthereforeH >1 � H >2.
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Supposewehaveasystemof constraintsonpossiblesequencesof thetypewhichcanberepresentedby

a lineargraphasin Fig. 2. If probabilitiesp � s�i j wereassignedto thevariouslinesconnectingstatei to statej
thiswouldbecomeasource.Thereis oneparticularassignmentwhichmaximizestheresultingentropy (see
Appendix4).

Theorem8: Let the systemof constraintsconsideredasa channelhave a capacityC � logW. If we
assign

p � s�i j
� B j

Bi
W ��L � s�i j

whereMN� s�i j is thedurationof thesth symbolleadingfrom statei to statej andtheBi satisfy

Bi
� ∑

s� j B jW �
L � s�i j

thenH is maximizedandequalto C.

By properassignmentof the transitionprobabilitiestheentropy of symbolson a channelcanbemaxi-
mizedat thechannelcapacity.

9. THE FUNDAMENTAL THEOREM FOR A NOISELESS CHANNEL

We will now justify our interpretationof H asthe rateof generatinginformationby proving thatH deter-
minesthechannelcapacityrequiredwith mostefficientcoding.

Theorem9: Let a sourcehave entropy H � bits persymbol� anda channelhave a capacityC � bits per
second� . Thenit is possibleto encodetheoutputof thesourcein sucha way asto transmitat theaverage

rate
C
H
�OA symbolspersecondover thechannelwhereA is arbitrarilysmall. It is not possibleto transmitat

anaveragerategreaterthan
C
H

.

Theconversepartof thetheorem,that
C
H

cannotbeexceeded,maybeprovedby notingthattheentropy

of thechannelinputpersecondis equalto thatof thesource,sincethetransmittermustbenon-singular, and
alsothisentropy cannotexceedthechannelcapacity. HenceH > ; C andthenumberof symbolspersecond� H > � H ; C � H.

Thefirst partof the theoremwill beprovedin two differentways. Thefirst methodis to considerthe
setof all sequencesof N symbolsproducedby thesource.For N largewecandivide theseinto two groups,
onecontaininglessthan2 � H GQP�� N membersandthesecondcontaininglessthan2RN members(whereR is
thelogarithmof thenumberof differentsymbols)andhaving a totalprobabilitylessthan � . As N increasesR and � approachzero. Thenumberof signalsof durationT in thechannelis greaterthan2 � C �@S � T with T
smallwhenT is large. if wechoose

T �VU H
C
�XWZY N

thentherewill bea sufficientnumberof sequencesof channelsymbolsfor thehighprobabilitygroupwhen
N andT aresufficiently large(howeversmall W ) andalsosomeadditionalones.Thehighprobabilitygroup
is codedin an arbitraryone-to-oneway into this set. The remainingsequencesarerepresentedby larger
sequences,startingandendingwith oneof the sequencesnot usedfor the high probability group. This
specialsequenceactsasa startandstopsignalfor a differentcode.In betweena sufficient time is allowed
to giveenoughdifferentsequencesfor all thelow probabilitymessages.Thiswill require

T1
�[U R

C
�]\^Y N

where\ is small.Themeanrateof transmissionin messagesymbolspersecondwill thenbegreaterthan_ � 1 ���`� T
N
�a� T1

N b � 1 � _ � 1 �O�`�dc H
C
�]W@ef�a�gc R

C
�a\<e@h � 1 �
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As N increases� , W and \ approachzeroandtherateapproaches
C
H

.

Anothermethodof performingthiscodingandtherebyproving thetheoremcanbedescribedasfollows:
Arrangethe messagesof lengthN in orderof decreasingprobability andsupposetheir probabilitiesare
p1 ? p2 ? p3 ����� ? pn. Let Ps

� ∑s� 1
1 pi ; thatis Ps is thecumulativeprobabilityup to, but not including,ps.

Wefirst encodeinto abinarysystem.Thebinarycodefor messages is obtainedby expandingPs asabinary
number. Theexpansionis carriedout to ms places,wherems is theintegersatisfying:

log2
1
ps
; ms = 1 � log2

1
ps
�

Thusthemessagesof high probabilityarerepresentedby shortcodesandthoseof low probabilityby long
codes.Fromtheseinequalitieswehave

1
2ms

; ps = 1
2ms � 1 �

Thecodefor Ps will differ from all succeedingonesin oneor moreof its ms places,sinceall theremaining
Pi areat least 1

2ms largerandtheir binaryexpansionsthereforediffer in thefirst ms places.Consequentlyall
thecodesaredifferentandit is possibleto recover themessagefrom its code.If thechannelsequencesare
not alreadysequencesof binarydigits, they canbeascribedbinarynumbersin anarbitraryfashionandthe
binarycodethustranslatedinto signalssuitablefor thechannel.

TheaveragenumberH > of binary digits usedper symbolof original messageis easilyestimated.We
have

H > � 1
N ∑msps �

But,
1
N ∑ c log2

1
ps
e ps ; 1

N ∑msps = 1
N ∑ c 1 � log2

1
ps
e ps

andtherefore,

GN ; H > = GN � 1
N

As N increasesGN approachesH, theentropy of thesourceandH > approachesH.
We seefrom this that the inefficiency in coding,whenonly a finite delayof N symbolsis used,need

not be greaterthan 1
N plus the differencebetweenthe true entropy H andthe entropy GN calculatedfor

sequencesof lengthN. Thepercentexcesstimeneededovertheidealis thereforelessthan

GN

H
� 1

HN
� 1 �

This methodof encodingis substantiallythe sameasonefound independentlyby R. M. Fano.9 His
methodis to arrangethemessagesof lengthN in orderof decreasingprobability. Dividethisseriesinto two
groupsof asnearlyequalprobability aspossible. If the messageis in the first groupits first binary digit
will be 0, otherwise1. The groupsaresimilarly divided into subsetsof nearlyequalprobability andthe
particularsubsetdeterminesthe secondbinary digit. This processis continueduntil eachsubsetcontains
only onemessage.It is easilyseenthatapartfrom minordifferences(generallyin thelastdigit) thisamounts
to thesamethingasthearithmeticprocessdescribedabove.

10. DISCUSSION AND EXAMPLES

In orderto obtainthemaximumpower transferfrom ageneratorto a load,a transformermustin generalbe
introducedsothatthegeneratorasseenfrom theloadhastheloadresistance.Thesituationhereis roughly
analogous.Thetransducerwhich doestheencodingshouldmatchthesourceto thechannelin a statistical
sense.Thesourceasseenfrom thechannelthroughthetransducershouldhavethesamestatisticalstructure

9TechnicalReportNo. 65,TheResearchLaboratoryof Electronics,M.I.T., March17,1949.
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asthesourcewhich maximizestheentropy in thechannel.Thecontentof Theorem9 is that,althoughan
exactmatchis not in generalpossible,we canapproximateit ascloselyasdesired.Theratio of theactual
rateof transmissionto thecapacityC maybecalledtheefficiency of thecodingsystem.This is of course
equalto theratioof theactualentropy of thechannelsymbolsto themaximumpossibleentropy.

In general,ideal or nearlyideal encodingrequiresa long delayin the transmitterandreceiver. In the
noiselesscasewhichwehavebeenconsidering,themainfunctionof thisdelayis to allow reasonablygood
matchingof probabilitiesto correspondinglengthsof sequences.With a goodcodethe logarithmof the
reciprocalprobabilityof a longmessagemustbeproportionalto thedurationof thecorrespondingsignal,in
fact ��� logp� 1

T
� C

���
mustbesmallfor all but asmallfractionof thelongmessages.

If a sourcecanproduceonly oneparticularmessageits entropy is zero,andno channelis required.For
example,a computingmachinesetup to calculatethesuccessive digits of i producesa definitesequence
with no chanceelement.No channelis requiredto “transmit” this to anotherpoint. Onecouldconstructa
secondmachineto computethesamesequenceatthepoint.However, thismaybeimpractical.In suchacase
we canchooseto ignoresomeor all of thestatisticalknowledgewehave of thesource.We mightconsider
thedigits of i to bea randomsequencein thatwe constructa systemcapableof sendingany sequenceof
digits. In a similar way we maychooseto usesomeof our statisticalknowledgeof Englishin constructing
a code,but not all of it. In sucha casewe considerthe sourcewith the maximumentropy subjectto the
statisticalconditionswe wish to retain. Theentropy of this sourcedeterminesthechannelcapacitywhich
is necessaryandsufficient. In the i exampletheonly informationretainedis thatall thedigits arechosen
from theset0 � 1 ��������� 9. In thecaseof Englishonemight wish to usethestatisticalsaving possibledueto
letterfrequencies,but nothingelse.Themaximumentropy sourceis thenthefirst approximationto English
andits entropy determinestherequiredchannelcapacity.

As a simpleexampleof someof theseresultsconsidera sourcewhich producesa sequenceof letters
chosenfromamongA, B,C, D with probabilities1

2, 1
4, 1

8, 1
8, successivesymbolsbeingchosenindependently.

We have

H � �kj 12 log 1
2 � 1

4 log 1
4 � 2

8 log 1
8 l� 7

4 bitspersymbol�
Thuswe canapproximatea codingsystemto encodemessagesfrom this sourceinto binarydigits with an
averageof 7

4 binarydigit persymbol.In thiscasewecanactuallyachievethelimiting valueby thefollowing
code(obtainedby themethodof thesecondproofof Theorem9):

A 0
B 10
C 110
D 111

Theaveragenumberof binarydigitsusedin encodingasequenceof N symbolswill be

N j 1
2 m 1 � 1

4 m 2 � 2
8 m 3l � 7

4N �
It is easilyseenthat thebinarydigits 0, 1 have probabilities1

2, 1
2 so theH for thecodedsequencesis one

bit persymbol.Since,on theaverage,we have 7
4 binarysymbolsperoriginal letter, theentropiesona time

basisarethesame.Themaximumpossibleentropy for theoriginalsetis log4 � 2, occurringwhenA, B, C,
D haveprobabilities1

4, 1
4, 1

4, 1
4. Hencetherelativeentropy is 7

8. We cantranslatethebinarysequencesinto
theoriginalsetof symbolsona two-to-onebasisby thefollowing table:

00 A>
01 B>
10 C>
11 D >
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Thisdoubleprocessthenencodestheoriginalmessageinto thesamesymbolsbut with anaveragecompres-
sionratio 7

8.
As asecondexampleconsiderasourcewhichproducesasequenceof A’sandB’swith probabilityp for

A andq for B. If p n q wehave

H � � logpp � 1 � p� 1 � p� � plogp � 1 � p� � 1 � p�po p�� plog
e
p
�

In sucha caseonecanconstructa fairly goodcodingof themessageona 0, 1 channelby sendinga special
sequence,say0000,for theinfrequentsymbolA andthenasequenceindicatingthenumberof B’s following
it. This could be indicatedby the binary representationwith all numberscontainingthe specialsequence
deleted.All numbersup to 16arerepresentedasusual;16 is representedby thenext binarynumberafter16
whichdoesnotcontainfour zeros,namely17 � 10001,etc.

It canbeshown thatasp + 0 thecodingapproachesidealprovidedthelengthof thespecialsequenceis
properlyadjusted.

PART II: THE DISCRETECHANNEL WITH NOISE

11. REPRESENTATION OF A NOISY DISCRETE CHANNEL

We now considerthecasewherethesignalis perturbedby noiseduringtransmissionor at oneor theother
of the terminals. This meansthat the received signal is not necessarilythe sameas that sentout by the
transmitter. Two casesmaybe distinguished.If a particulartransmittedsignalalwaysproducesthe same
receivedsignal,i.e.,thereceivedsignalis adefinitefunctionof thetransmittedsignal,thentheeffectmaybe
calleddistortion. If this functionhasaninverse— no two transmittedsignalsproducingthesamereceived
signal— distortionmay be corrected,at leastin principle, by merelyperformingthe inversefunctional
operationon thereceivedsignal.

Thecaseof interesthereis that in which thesignaldoesnot alwaysundergo thesamechangein trans-
mission.In thiscasewemayassumethereceivedsignalE to bea functionof thetransmittedsignalSanda
secondvariable,thenoiseN.

E � f � S� N �
Thenoiseis consideredto bea chancevariablejust asthemessagewasabove. In generalit mayberepre-
sentedby a suitablestochasticprocess.Themostgeneraltypeof noisydiscretechannelwe shallconsider
is a generalizationof thefinite statenoise-freechanneldescribedpreviously. We assumea finite numberof
statesanda setof probabilities

pq � i �KHB� j ���
This is theprobability, if thechannelis in stateE andsymboli is transmitted,thatsymbol j will bereceived
andthechannelleft in stateH . Thus E and H rangeover thepossiblestates,i over thepossibletransmitted
signalsand j overthepossiblereceivedsignals.In thecasewheresuccessivesymbolsareindependentlyper-
turbedby thenoisethereis only onestate,andthechannelis describedby thesetof transitionprobabilities
pi � j � , theprobabilityof transmittedsymboli beingreceivedas j.

If anoisychannelis fedby asourcetherearetwo statisticalprocessesatwork: thesourceandthenoise.
Thustherearea numberof entropiesthat canbecalculated.First thereis theentropy H � x� of thesource
or of the input to the channel(thesewill be equalif the transmitteris non-singular).The entropy of the
outputof thechannel,i.e., thereceivedsignal,will bedenotedby H � y� . In thenoiselesscaseH � y� � H � x� .
The joint entropy of input andoutputwill beH � xy� . Finally therearetwo conditionalentropiesHx � y� and
Hy � x� , theentropy of theoutputwhentheinput is known andconversely. Amongthesequantitieswe have
therelations

H � x � y� � H � x��� Hx � y� � H � y�
� Hy � x���
All of theseentropiescanbemeasuredona per-secondor a per-symbolbasis.
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12. EQUIVOCATION AND CHANNEL CAPACITY

If the channelis noisy it is not in generalpossibleto reconstructthe original messageor the transmitted
signalwith certaintyby any operationon the receivedsignalE. Thereare,however, waysof transmitting
theinformationwhichareoptimalin combatingnoise.This is theproblemwhichwenow consider.

Supposetherearetwo possiblesymbols0 and1, andwe aretransmittingat a rateof 1000symbolsper
secondwith probabilitiesp0

� p1
� 1

2. Thusour sourceis producinginformationat the rateof 1000bits
per second.During transmissionthe noiseintroduceserrorsso that, on the average,1 in 100 is received
incorrectly(a 0 as1, or 1 as0). What is therateof transmissionof information?Certainlylessthan1000
bits per secondsinceabout1% of the received symbolsare incorrect. Our first impulsemight be to say
the rateis 990bits persecond,merelysubtractingthe expectednumberof errors. This is not satisfactory
sinceit fails to take into accounttherecipient’s lackof knowledgeof wheretheerrorsoccur. We maycarry
it to anextremecaseandsupposethenoisesogreatthat thereceivedsymbolsareentirely independentof
thetransmittedsymbols.Theprobabilityof receiving 1 is 1

2 whatever wastransmittedandsimilarly for 0.
Thenabouthalf of thereceivedsymbolsarecorrectdueto chancealone,andwewouldbegiving thesystem
creditfor transmitting500bitspersecondwhile actuallyno informationis beingtransmittedatall. Equally
“good” transmissionwould beobtainedby dispensingwith thechannelentirelyandflipping a coin at the
receiving point.

Evidentlythepropercorrectionto applyto theamountof informationtransmittedis theamountof this
informationwhich is missingin thereceivedsignal,or alternatively theuncertaintywhenwehave received
a signalof whatwasactuallysent.Fromour previousdiscussionof entropy asa measureof uncertaintyit
seemsreasonableto usetheconditionalentropy of themessage,knowing thereceivedsignal,asa measure
of this missinginformation. This is indeedtheproperdefinition,aswe shallseelater. Following this idea
the rateof actualtransmission,R, would be obtainedby subtractingfrom the rateof production(i.e., the
entropy of thesource)theaveragerateof conditionalentropy.

R � H � x�@� Hy � x�
Theconditionalentropy Hy � x� will, for convenience,becalledtheequivocation.It measurestheaverage

ambiguityof thereceivedsignal.
In theexampleconsideredabove, if a 0 is receivedthea posterioriprobabilitythata 0 wastransmitted

is .99,andthata 1 wastransmittedis .01.Thesefiguresarereversedif a 1 is received.Hence

Hy � x� � �3rs� 99log � 99 � 0 � 01log0 � 01t� � 081bits/symbol

or 81bitspersecond.We maysaythatthesystemis transmittingata rate1000 � 81 � 919bitspersecond.
In theextremecasewherea 0 is equallylikely to bereceivedasa0 or 1 andsimilarly for 1, thea posteriori
probabilitiesare 1

2, 1
2 and

Hy � x� � �vu 12 log 1
2 � 1

2 log 1
2 w� 1 bit persymbol

or 1000bitspersecond.Therateof transmissionis then0 asit shouldbe.
Thefollowing theoremgivesadirectintuitiveinterpretationof theequivocationandalsoservesto justify

it astheuniqueappropriatemeasure.We considera communicationsystemandanobserver (or auxiliary
device)whocanseebothwhatis sentandwhatis recovered(with errorsdueto noise).Thisobservernotes
theerrorsin therecoveredmessageandtransmitsdatato thereceiving point overa “correctionchannel”to
enablethereceiver to correcttheerrors.Thesituationis indicatedschematicallyin Fig. 8.

Theorem10: If the correctionchannelhasa capacityequalto Hy � x� it is possibleto so encodethe
correctiondataasto sendit over this channelandcorrectall but anarbitrarilysmall fraction A of theerrors.
This is notpossibleif thechannelcapacityis lessthanHy � x� .

20



SOURCE

M

TRANSMITTER RECEIVER CORRECTING
DEVICE

OBSERVER

M x M

CORRECTION DATA

Fig. 8—Schematicdiagramof acorrectionsystem.

Roughlythen,Hy � x� is the amountof additionalinformationthat mustbe suppliedper secondat the
receiving point to correctthereceivedmessage.

To prove the first part, considerlong sequencesof received messageM > and correspondingoriginal
messageM. Therewill be logarithmicallyTHy � x� of theM’s which couldreasonablyhave producedeach
M > . ThuswehaveTHy � x� binarydigits to sendeachT seconds.Thiscanbedonewith A frequency of errors
onachannelof capacityHy � x� .

Thesecondpartcanbeprovedby noting,first, thatfor any discretechancevariablesx, y, z

Hy � x � z� ? Hy � x���
Theleft-handsidecanbeexpandedto give

Hy � z�
� Hyz � x� ? Hy � x�
Hyz � x� ? Hy � x�y� Hy � z� ? Hy � x�@� H � z���

If weidentify x astheoutputof thesource,y asthereceivedsignalandzasthesignalsentoverthecorrection
channel,thentheright-handsideis theequivocationlesstherateof transmissionoverthecorrectionchannel.
If thecapacityof this channelis lessthantheequivocationtheright-handsidewill begreaterthanzeroand
Hyz � x�^* 0. But this is theuncertaintyof whatwassent,knowing boththereceivedsignalandthecorrection
signal.If this is greaterthanzerothefrequency of errorscannotbearbitrarilysmall.

Example:

Supposetheerrorsoccurat randomin a sequenceof binarydigits: probability p thata digit is wrong
andq � 1 � p that it is right. Theseerrorscanbe correctedif their position is known. Thus the
correctionchannelneedonly sendinformationas to thesepositions. This amountsto transmitting
from a sourcewhich producesbinarydigits with probability p for 1 (incorrect)andq for 0 (correct).
This requiresa channelof capacity �3r plogp � qlogqt
which is theequivocationof theoriginalsystem.

Therateof transmissionR canbewritten in two otherformsdueto theidentitiesnotedabove.We have

R � H � x�@� Hy � x�� H � y�@� Hx � y�� H � x�
� H � y�@� H � x � y���
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Thefirst definingexpressionhasalreadybeeninterpretedastheamountof informationsentlesstheuncer-
taintyof whatwassent.Thesecondmeasurestheamountreceivedlessthepartof thiswhichis dueto noise.
Thethird is thesumof thetwo amountslessthejoint entropy andthereforein a senseis thenumberof bits
persecondcommonto thetwo. Thusall threeexpressionshavea certainintuitivesignificance.

ThecapacityC of a noisychannelshouldbe themaximumpossiblerateof transmission,i.e., the rate
whenthesourceis properlymatchedto thechannel.We thereforedefinethechannelcapacityby

C � Max j H � x�@� Hy � x� l
wherethemaximumis with respectto all possibleinformationsourcesusedasinput to thechannel.If the
channelis noiseless,Hy � x� � 0. Thedefinitionis thenequivalentto thatalreadygivenfor anoiselesschannel
sincethemaximumentropy for thechannelis its capacity.

13. THE FUNDAMENTAL THEOREM FOR A DISCRETE CHANNEL WITH NOISE

It mayseemsurprisingthatwe shoulddefinea definitecapacityC for a noisychannelsincewe cannever
sendcertaininformationin sucha case.It is clear, however, thatby sendingtheinformationin a redundant
form theprobabilityof errorscanbereduced.For example,by repeatingthemessagemany timesandby a
statisticalstudyof thedifferentreceivedversionsof themessagetheprobabilityof errorscouldbemadevery
small. Onewould expect,however, that to make this probabilityof errorsapproachzero,the redundancy
of theencodingmustincreaseindefinitely, andtherateof transmissionthereforeapproachzero.This is by
no meanstrue. If it were,therewould not bea very well definedcapacity, but only a capacityfor a given
frequency of errors,or a givenequivocation;thecapacitygoingdown astheerror requirementsaremade
morestringent.Actually thecapacityC definedabovehasa verydefinitesignificance.It is possibleto send
informationat therateC throughthechannelwith assmalla frequencyof errorsor equivocationasdesired
by properencoding.Thisstatementis not truefor any rategreaterthanC. If anattemptis madeto transmit
atahigherratethanC, sayC � R1, thentherewill necessarilybeanequivocationequalto or greaterthanthe
excessR1. Naturetakespaymentby requiringjust thatmuchuncertainty, sothatwearenotactuallygetting
any morethanC throughcorrectly.

Thesituationis indicatedin Fig. 9. Therateof informationinto thechannelis plottedhorizontallyand
theequivocationvertically. Any point above theheavy line in theshadedregion canbeattainedandthose
below cannot.Thepointson theline cannotin generalbeattained,but therewill usuallybetwo pointson
theline thatcan.

Theseresultsarethemainjustificationfor thedefinitionof C andwill now beproved.

Theorem11: Let adiscretechannelhavethecapacityC andadiscretesourcetheentropy persecondH.
If H ; C thereexistsacodingsystemsuchthattheoutputof thesourcecanbetransmittedover thechannel
with anarbitrarily small frequency of errors(or anarbitrarily smallequivocation). If H * C it is possible
to encodethesourcesothattheequivocationis lessthanH � C �aA whereA is arbitrarilysmall.Thereis no
methodof encodingwhichgivesanequivocationlessthanH � C.

The methodof proving the first part of this theoremis not by exhibiting a codingmethodhaving the
desiredproperties,but by showing thatsucha codemustexist in a certaingroupof codes.In factwe will

ATTAINABLE
REGION

C H 8 x:
Hy 8 x:

SLOPE
=

1.
0

Fig. 9—Theequivocationpossiblefor agiveninputentropy to achannel.
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averagethe frequency of errorsover this groupandshow that this averagecanbemadelessthan A . If the
averageof a setof numbersis lessthan A theremustexist at leastonein thesetwhich is lessthan A . This
will establishthedesiredresult.

ThecapacityC of anoisychannelhasbeendefinedas

C � Max j H � x�@� Hy � x� l
wherex is theinputandy theoutput.Themaximizationis overall sourceswhichmight beusedasinput to
thechannel.

Let S0 bea sourcewhich achievesthemaximumcapacityC. If this maximumis not actuallyachieved
by any sourcelet S0 bea sourcewhich approximatesto giving the maximumrate. SupposeS0 is usedas
input to thechannel.Weconsiderthepossibletransmittedandreceivedsequencesof a longdurationT. The
following will betrue:

1. Thetransmittedsequencesfall into two classes,a high probabilitygroupwith about2TH � x� members
andtheremainingsequencesof smalltotal probability.

2. Similarly the received sequenceshave a high probability setof about2TH � y� membersanda low
probabilitysetof remainingsequences.

3. Eachhigh probabilityoutputcouldbeproducedby about2THy � x� inputs.Theprobabilityof all other
caseshasa smalltotalprobability.

All the A ’s and � ’s implied by thewords“small” and“about” in thesestatementsapproachzeroaswe
allow T to increaseandS0 to approachthemaximizingsource.

The situationis summarizedin Fig. 10 wherethe input sequencesare points on the left and output
sequencespointson the right. The fan of crosslines representsthe rangeof possiblecausesfor a typical
output.

M

E

2H z x{ T
HIGH PROBABIL ITY

MESSAGES
2H z y{ T

HIGH PROBABIL ITY
RECEIVED SIGNALS

2Hy z x{ T
REASONABLE CAUSES

FOR EACH E

2Hx z y{ T
REASONABLE EFFECTS

FOR EACH M

Fig. 10—Schematicrepresentationof therelationsbetweeninputsandoutputsin achannel.

Now supposewe have anothersourceproducinginformationat rateR with R = C. In theperiodT this
sourcewill have 2TR highprobabilitymessages.We wish to associatethesewith a selectionof thepossible
channelinputsin sucha way asto get a small frequency of errors. We will setup this associationin all
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possibleways(using,however, only the high probabilitygroupof inputsasdeterminedby thesourceS0)
andaveragethe frequency of errorsfor this large classof possiblecodingsystems.This is the sameas
calculatingthefrequency of errorsfor a randomassociationof themessagesandchannelinputsof duration
T. Supposea particularoutputy1 is observed. What is theprobabilityof morethanonemessagein theset
of possiblecausesof y1? Thereare2TR messagesdistributedat randomin 2TH � x� points.Theprobabilityof
a particularpointbeinga messageis thus

2T � R� H � x�p� �
Theprobabilitythatnoneof thepointsin thefanis amessage(apartfrom theactualoriginatingmessage)is

P � u 1 � 2T � R� H � x�p� w 2THy � x� �
Now R = H � x�y� Hy � x� soR � H � x� � � Hy � x�@� R with R positive. Consequently

P � u 1 � 2� THy � x� � T P w 2THy � x�
approaches(asT + ∞)

1 � 2 � T P �
Hencetheprobabilityof anerrorapproacheszeroandthefirst partof thetheoremis proved.

Thesecondpartof thetheoremis easilyshown by notingthatwe couldmerelysendC bits persecond
from the source,completelyneglecting the remainderof the informationgenerated.At the receiver the
neglectedpartgivesanequivocationH � x�@� C andtheparttransmittedneedonly add A . This limit canalso
beattainedin many otherways,aswill beshown whenweconsiderthecontinuouscase.

Thelaststatementof thetheoremis asimpleconsequenceof ourdefinitionof C. Supposewecanencode
a sourcewith H � x� � C � a in sucha way asto obtainanequivocationHy � x� � a �OA with A positive. Then
R � H � x� � C � a and

H � x�@� Hy � x� � C �aA
with A positive. Thiscontradictsthedefinitionof C asthemaximumof H � x�y� Hy � x� .

Actually morehasbeenproved thanwasstatedin the theorem. If the averageof a setof numbersis
within A of of theirmaximum,a fractionof atmost | A canbemorethan | A below themaximum.SinceA is
arbitrarilysmallwecansaythatalmostall thesystemsarearbitrarilycloseto theideal.

14. DISCUSSION

Thedemonstrationof Theorem11, while not a pureexistenceproof, hassomeof thedeficienciesof such
proofs.An attemptto obtaina goodapproximationto idealcodingby following themethodof theproof is
generallyimpractical.In fact,apartfrom somerathertrivial casesandcertainlimiting situations,noexplicit
descriptionof a seriesof approximationto the ideal hasbeenfound. Probablythis is no accidentbut is
relatedto thedifficulty of giving anexplicit constructionfor agoodapproximationto a randomsequence.

An approximationto theidealwould have thepropertythat if thesignalis alteredin a reasonableway
by the noise,the original canstill be recovered. In otherwordsthe alterationwill not in generalbring it
closerto anotherreasonablesignalthantheoriginal. This is accomplishedat thecostof acertainamountof
redundancy in thecoding. Theredundancy mustbe introducedin theproperway to combattheparticular
noisestructureinvolved. However, any redundancy in the sourcewill usuallyhelp if it is utilized at the
receiving point. In particular, if the sourcealreadyhasa certainredundancy andno attemptis madeto
eliminateit in matchingto thechannel,this redundancy will helpcombatnoise.For example,in anoiseless
telegraphchannelonecouldsave about50%in time by properencodingof themessages.This is not done
andmostof theredundancy of Englishremainsin thechannelsymbols.This hastheadvantage,however,
of allowing considerablenoisein thechannel.A sizablefractionof the letterscanbereceivedincorrectly
andstill reconstructedby thecontext. In factthis is probablynot a badapproximationto theideal in many
cases,sincethestatisticalstructureof Englishis ratherinvolvedandthereasonableEnglishsequencesare
not too far (in thesenserequiredfor thetheorem)from a randomselection.
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As in the noiselesscasea delayis generallyrequiredto approachthe ideal encoding. It now hasthe
additionalfunction of allowing a large sampleof noiseto affect the signalbeforeany judgmentis made
at the receiving point asto theoriginal message.Increasingthesamplesizealwayssharpensthepossible
statisticalassertions.

Thecontentof Theorem11andits proofcanbeformulatedin a somewhatdifferentwaywhichexhibits
theconnectionwith thenoiselesscasemoreclearly. Considerthepossiblesignalsof durationT andsuppose
asubsetof themis selectedto beused.Let thosein thesubsetall beusedwith equalprobability, andsuppose
thereceiver is constructedto select,astheoriginal signal,themostprobablecausefrom thesubset,whena
perturbedsignalis received.WedefineN � T � q� to bethemaximumnumberof signalswecanchoosefor the
subsetsuchthattheprobabilityof anincorrectinterpretationis lessthanor equalto q.

Theorem12: Lim
T 
 ∞

logN � T � q�
T

� C, whereC is thechannelcapacity, providedthatq doesnotequal0 or

1.

In otherwords,no matterhow we setout limits of reliability, we candistinguishreliably in time T
enoughmessagesto correspondto aboutCT bits,whenT is sufficiently large.Theorem12canbecompared
with thedefinitionof thecapacityof a noiselesschannelgivenin Section1.

15. EXAMPLE OF A DISCRETE CHANNEL AND ITS CAPACITY

A simpleexampleof adiscretechannelis indicatedin Fig.11. Therearethreepossiblesymbols.Thefirst is
never affectedby noise.Thesecondandthird eachhave probability p of comingthroughundisturbed,and
q of beingchangedinto theotherof thepair. We have (letting E � �3r plogp � qlogqt andP andQ bethe

p

p

q

q

TRANSMITTED
SYMBOLS

RECEIVED
SYMBOLS

Fig. 11—Exampleof adiscretechannel.

probabilitiesof usingthefirst andsecondsymbols)

H � x� � � PlogP � 2QlogQ

Hy � x� � 2QEI�
Wewishto chooseP andQ in suchawayasto maximizeH � x�
� Hy � x� , subjectto theconstraintP � 2Q � 1.
Henceweconsider

U � � PlogP � 2QlogQ � 2QE}�XWg� P � 2Q�
∂U
∂P

� � 1 � logP �]W � 0

∂U
∂Q

� � 2 � 2logQ � 2E}� 2W � 0 �
Eliminating W

logP � logQ �aE
P � Qeq � QH
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P � HH~� 2
Q � 1H~� 2

�
Thechannelcapacityis then

C � log
H3� 2H �

Notehow thischeckstheobviousvaluesin thecasesp � 1 andp � 1
2. In thefirst, H � 1 andC � log3,

which is correctsincethe channelis then noiselesswith threepossiblesymbols. If p � 1
2, H � 2 and

C � log2. Here the secondand third symbolscannotbe distinguishedat all and act togetherlike one
symbol.Thefirst symbolis usedwith probabilityP � 1

2 andthesecondandthird togetherwith probability
1
2. Thismaybedistributedbetweenthemin any desiredwayandstill achievethemaximumcapacity.

For intermediatevaluesof p the channelcapacitywill lie betweenlog2 and log3. The distinction
betweenthesecondandthird symbolsconveys someinformationbut not asmuchasin thenoiselesscase.
Thefirst symbolis usedsomewhatmorefrequentlythantheothertwo becauseof its freedomfrom noise.

16. THE CHANNEL CAPACITY IN CERTAIN SPECIAL CASES

If the noiseaffects successive channelsymbolsindependentlyit can be describedby a set of transition
probabilitiespi j . This is theprobability, if symboli is sent,that j will bereceived. Themaximumchannel
rateis thengivenby themaximumof� ∑

i � j Pi pi j log∑
i

Pi pi j � ∑
i � j Pi pi j logpi j

wherewevary thePi subjectto ∑Pi
� 1. This leadsby themethodof Lagrangeto theequations,

∑
j

psj log
psj

∑i Pi pi j

� � s � 1 � 2 ���������
Multiplying by Ps andsummingon s shows that � � C. Let the inverseof psj (if it exists) be hst so that
∑shst psj

� � t j . Then:

∑
s� j hst psj logpsj � log∑

i
Pi pit

� C∑
s

hst �
Hence:

∑
i

Pi pit
� exp ��� C∑

s
hst � ∑

s� j hst psj logpsj �
or,

Pi
� ∑

t
hit exp � � C∑

s
hst � ∑

s� j hst psj logpsj � �
This is thesystemof equationsfor determiningthemaximizingvaluesof Pi , with C to bedeterminedso

that∑Pi
� 1. Whenthis is doneC will be thechannelcapacity, andthePi theproperprobabilitiesfor the

channelsymbolsto achievethiscapacity.
If eachinputsymbolhasthesamesetof probabilitieson thelinesemergingfrom it, andthesameis true

of eachoutputsymbol,thecapacitycanbeeasilycalculated.Examplesareshown in Fig. 12. In suchacase
Hx � y� is independentof thedistribution of probabilitieson theinput symbols,andis givenby � ∑ pi logpi

wherethe pi arethevaluesof thetransitionprobabilitiesfrom any inputsymbol.Thechannelcapacityis

Max u H � y�@� Hx � y� w � MaxH � y�
� ∑ pi logpi �
Themaximumof H � y� is clearlylogmwherem is thenumberof outputsymbols,sinceit is possibleto make
themall equallyprobableby makingtheinputsymbolsequallyprobable.Thechannelcapacityis therefore

C � logm � ∑ pi logpi �
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Fig. 12—Examplesof discretechannelswith thesametransitionprobabilitiesfor eachinputandfor eachoutput.

In Fig. 12ait wouldbe
C � log4 � log2 � log2 �

Thiscouldbeachievedby usingonly the1stand3dsymbols.In Fig. 12b

C � log4 � 2
3 log3 � 1

3 log6� log4 � log3 � 1
3 log2� log 1

32
5
3 �

In Fig. 12cwehave

C � log3 � 1
2 log2 � 1

3 log3 � 1
6 log6� log

3

2
1
2 3

1
3 6

1
6

�
Supposethesymbolsfall into severalgroupssuchthatthenoisenever causesa symbolin onegroupto

be mistaken for a symbolin anothergroup. Let the capacityfor the nth groupbeCn (in bits persecond)
whenwe useonly thesymbolsin this group.Thenit is easilyshown that,for bestuseof theentireset,the
totalprobabilityPn of all symbolsin thenth groupshouldbe

Pn
� 2Cn

∑2Cn
�

Within a grouptheprobabilityis distributedjust asit would beif theseweretheonly symbolsbeingused.
Thechannelcapacityis

C � log∑2Cn �
17. AN EXAMPLE OF EFFICIENT CODING

Thefollowing example,althoughsomewhatunrealistic,is acasein whichexactmatchingto anoisychannel
is possible.Therearetwo channelsymbols,0 and1, andthenoiseaffectsthemin blocksof sevensymbols.
A block of sevenis eithertransmittedwithout error, or exactly onesymbolof thesevenis incorrect.These
eightpossibilitiesareequallylikely. We have

C � Max uH � y�@� Hx � y� w� 1
7 u 7 � 8

8 log 1
8 w� 4

7 bits/symbol�
An efficient code,allowing completecorrectionof errorsandtransmittingat the rateC, is the following
(foundby a methoddueto R. Hamming):
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Let a block of sevensymbolsbeX1 � X2 ��������� X7. Of theseX3, X5, X6 andX7 aremessagesymbolsand
chosenarbitrarilyby thesource.Theotherthreeareredundantandcalculatedasfollows:

X4 is chosento make E � X4 � X5 � X6 � X7 even
X2 “ “ “ “ H � X2 � X3 � X6 � X7 “
X1 “ “ “ “ � � X1 � X3 � X5 � X7 “

Whena block of sevenis received E��KH and � arecalculatedandif evencalledzero,if oddcalledone.The
binarynumberEfH�� thengivesthesubscriptof theXi thatis incorrect(if 0 therewasnoerror).

APPENDIX 1

THE GROWTH OF THE NUMBER OF BLOCKS OF SYMBOLS WITH A FINITE STATE CONDITION

Let Ni � L � bethenumberof blocksof symbolsof lengthL endingin statei. Thenwehave

Nj � L � � ∑
i � s Ni j L � b � s�i j l

whereb1
i j � b2

i j ��������� bm
i j arethelengthof thesymbolswhichmaybechosenin statei andleadto statej. These

arelineardifferenceequationsandthebehavior asL + ∞ mustbeof thetype

Nj
� A jW

L �
Substitutingin thedifferenceequation

A jW
L � ∑

i � s AiW
L � b � s�i j

or

A j
� ∑

i � s AiW � b� s�i j

∑
i
c ∑

s
W � b � s�i j ��� i j e Ai

� 0 �
For this to bepossiblethedeterminant

D � W � ��� ai j
�-� ���∑

s
W � b� s�i j �O� i j

���
mustvanishandthisdeterminesW, which is, of course,thelargestrealrootof D � 0.

ThequantityC is thengivenby

C � Lim
L 
 ∞

log∑A jWL

L
� logW

andwe alsonotethatthesamegrowth propertiesresultif we requirethatall blocksstartin thesame(arbi-
trarily chosen)state.

APPENDIX 2

DERIVATION OF H � � ∑ pi logpi

Let H c 1
n
� 1
n
�������	� 1

n
e � A � n� . Fromcondition(3) we candecomposea choicefrom sm equallylikely possi-

bilities into aseriesof m choicesfrom sequallylikely possibilitiesandobtain

A � sm � � mA� s���
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Similarly
A � tn � � nA� t ���

We canchoosen arbitrarily largeandfind anm to satisfy

sm ; tn = s� mG 1� �
Thus,takinglogarithmsanddividing by nlogs,

m
n
; log t

log s
; m

n
� 1

n
or

��� m
n
� log t

log s

��� = A
whereA is arbitrarilysmall.Now from themonotonicpropertyof A � n� ,

A � sm �^; A � tn �^; A � smG 1 �
mA� s�<; nA� t �^;�� m � 1� A � s���

Hence,dividing by nA� s� ,
m
n
; A � t �

A � s� ; m
n
� 1

n
or

��� m
n
� A � t �

A � s� ��� = A��� A � t �
A � s� � logt

logs

��� = 2A A � t � � K logt

whereK mustbepositive to satisfy(2).

Now supposewe have a choicefrom n possibilitieswith commeasurableprobabilitiespi
� ni

∑ni
where

the ni areintegers. We canbreakdown a choicefrom ∑ni possibilitiesinto a choicefrom n possibilities
with probabilitiesp1 �������	� pn andthen,if theith waschosen,achoicefrom ni with equalprobabilities.Using
condition(3) again,weequatethetotal choicefrom ∑ni ascomputedby two methods

K log∑ni
� H � p1 ��������� pn �
� K∑ pi logni �

Hence

H � K � ∑ pi log∑ni � ∑ pi logni �� � K∑ pi log
ni

∑ni

� � K∑ pi logpi �
If the pi areincommeasurable,they maybeapproximatedby rationalsandthesameexpressionmusthold
by ourcontinuityassumption.Thustheexpressionholdsin general.Thechoiceof coefficientK is a matter
of convenienceandamountsto thechoiceof aunit of measure.

APPENDIX 3

THEOREMS ON ERGODIC SOURCES

If it is possibleto go from any statewith P * 0 to any otheralongapathof probability p * 0, thesystemis
ergodicandthestronglaw of largenumberscanbeapplied.Thusthenumberof timesa givenpathpi j in
thenetwork is traversedin a long sequenceof lengthN is aboutproportionalto theprobabilityof beingat
i, sayPi , andthenchoosingthispath,Pi pi jN. If N is largeenoughtheprobabilityof percentageerror ��� in
this is lessthan A sothatfor all but asetof smallprobabilitytheactualnumberslie within thelimits� Pi pi j �a�`� N �
Hencenearlyall sequenceshaveaprobability p givenby

p � ∏ p � Pi pi j �Q� � N
i j
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and
logp

N
is limited by

logp
N

� ∑ � Pi pi j �a�`� logpi j

or ��� logp
N

� ∑Pi pi j logpi j

��� = R �
ThisprovesTheorem3.

Theorem4 follows immediatelyfrom this on calculatingupperandlower boundsfor n � q� basedon the
possiblerangeof valuesof p in Theorem3.

In themixed(notergodic)caseif
L � ∑ piLi

andtheentropiesof thecomponentsareH1 ? H2 ? ����� ? Hn wehave the

Theorem: Lim
N 
 ∞

logn � q�N
� \�� q� is adecreasingstepfunction,

\�� q� � Hs in theinterval
s� 1

∑
1
E i = q = s

∑
1
E i �

To prove Theorems5 and 6 first note that FN is monotonicdecreasingbecauseincreasingN addsa
subscriptto a conditionalentropy. A simplesubstitutionfor pBi � Sj � in thedefinitionof FN showsthat

FN
� NGN �D� N � 1� GN � 1

andsummingthis for all N givesGN
� 1

N ∑Fn. HenceGN ? FN andGN monotonicdecreasing.Also they

mustapproachthesamelimit. By usingTheorem3 weseethat Lim
N 
 ∞

GN
� H.

APPENDIX 4

MAXIMIZING THE RATE FOR A SYSTEM OF CONSTRAINTS

Supposewe have a setof constraintson sequencesof symbolsthat is of the finite statetype andcanbe

representedthereforeby a linear graph. Let MN� s�i j be the lengthsof the varioussymbolsthat canoccur in

passingfrom statei to state j. What distribution of probabilitiesPi for the differentstatesand p � s�i j for
choosingsymbols in statei andgoingto state j maximizestherateof generatinginformationunderthese
constraints?Theconstraintsdefinea discretechannelandthemaximumratemustbe lessthanor equalto
thecapacityC of this channel,sinceif all blocksof largelengthwereequallylikely, this ratewould result,
andif possiblethiswouldbebest.Wewill show thatthisratecanbeachievedby properchoiceof thePi and

p � s�i j .
Theratein questionis � ∑Pi p � s�i j logp � s�i j

∑Pi p � s�i j M � s�i j

� N
M
�

Let M i j
� ∑s M � s�i j . Evidentlyfor amaximump � s�i j

� kexp M � s�i j . Theconstraintsonmaximizationare∑Pi
�

1, ∑ j pi j
� 1, ∑Pi � pi j �O� i j � � 0. Hencewemaximize

U � � ∑Pi pi j logpi j

∑Pi pi j M i j
�XW ∑

i
Pi � ∑ � i pi j � ∑ R

jPi � pi j �O� i j �
∂U
∂pi j

� � MPi � 1 � logpi j �
� NPi M i j

M2 �]W��a� i � R iPi
� 0 �
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Solvingfor pi j

pi j
� AiB jD ��L i j �

Since

∑
j

pi j
� 1 � A� 1

i
� ∑

j
B jD ��L i j

pi j
� B jD �
L i j

∑sBsD �
L is �
Thecorrectvalueof D is thecapacityC andtheB j aresolutionsof

Bi
� ∑B jC �
L i j

for then

pi j
� B j

Bi
C �
L i j

∑Pi
B j

Bi
C �
L i j � Pj

or

∑ Pi

Bi
C ��L i j � Pj

B j
�

Sothatif W i satisfy

∑ � iC �
L i j � � j

Pi
� Bi � i �

Both thesetsof equationsfor Bi and � i canbesatisfiedsinceC is suchthat�C �
L i j �O� i j
�1� 0 �

In thiscasetherateis � ∑Pi pi j log
B j
Bi

C �
L i j

∑Pi pi j M i j

� C � ∑Pi pi j log
B j
Bi

∑Pi pi j M i j

but

∑Pi pi j � logB j � logBi � � ∑
j

Pj logB j � ∑Pi logBi
� 0

HencetherateisC andasthiscouldneverbeexceededthisis themaximum,justifying theassumedsolution.
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PART III: MATHEMATICAL PRELIMINARIES

In this final installmentof the paperwe considerthe casewherethe signalsor the messagesor both are
continuouslyvariable,in contrastwith thediscretenatureassumedheretofore.To a considerableextentthe
continuouscasecanbeobtainedthroughalimiting processfrom thediscretecaseby dividing thecontinuum
of messagesandsignalsinto alargebut finite numberof smallregionsandcalculatingthevariousparameters
involvedonadiscretebasis.As thesizeof theregionsis decreasedtheseparametersin generalapproachas
limits thepropervaluesfor thecontinuouscase.Thereare,however, a few new effectsthatappearandalso
a generalchangeof emphasisin thedirectionof specializationof thegeneralresultsto particularcases.

We will not attempt,in the continuouscase,to obtainour resultswith the greatestgenerality, or with
the extremerigor of puremathematics,sincethis would involve a greatdealof abstractmeasuretheory
andwould obscurethemainthreadof theanalysis.A preliminarystudy, however, indicatesthatthetheory
canbeformulatedin a completelyaxiomaticandrigorousmannerwhich includesboththecontinuousand
discretecasesandmany others.Theoccasionallibertiestakenwith limiting processesin thepresentanalysis
canbejustifiedin all casesof practicalinterest.

18. SETS AND ENSEMBLES OF FUNCTIONS

We shall have to dealin the continuouscasewith setsof functionsandensemblesof functions. A setof
functions,asthenameimplies,is merelya classor collectionof functions,generallyof onevariable,time.
It canbespecifiedby giving anexplicit representationof thevariousfunctionsin theset,or implicitly by
giving a propertywhich functionsin thesetpossessandothersdonot. Someexamplesare:

1. Thesetof functions:
f S � t � � sin� t �aTd���

Eachparticularvalueof T determinesaparticularfunctionin theset.

2. Thesetof all functionsof timecontainingno frequenciesoverW cyclespersecond.

3. Thesetof all functionslimited in bandto W andin amplitudeto A.

4. Thesetof all Englishspeechsignalsasfunctionsof time.

An ensembleof functionsis a setof functionstogetherwith a probability measurewherebywe may
determinetheprobabilityof a functionin thesethaving certainproperties.1 For examplewith theset,

f S � t � � sin� t �vTd���
wemaygiveaprobabilitydistribution for T , P ��Td� . Thesetthenbecomesanensemble.

Somefurtherexamplesof ensemblesof functionsare:

1. A finite setof functions fk � t � (k � 1 � 2 ��������� n) with theprobabilityof fk beingpk.

2. A finite dimensionalfamily of functions

f �KE 1 �FE 2 ���������FE n;t �
with a probabilitydistributionon theparametersE i :

p �KE 1 ����������E n ���
For examplewecouldconsidertheensembledefinedby

f � a1 ��������� an �FT 1 ���������FT n;t � � n

∑
i 2 1

ai sini ��� t �aT i �
with theamplitudesai distributednormallyandindependently, andthephasesT i distributeduniformly
(from 0 to 2i ) andindependently.

1In mathematicalterminologythefunctionsbelongto ameasurespacewhosetotalmeasureis unity.
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3. Theensemble

f � ai � t � � G ∞

∑
n2 � ∞

an
sin iB� 2Wt � n�iB� 2Wt � n�

with theai normalandindependentall with thesamestandarddeviation | N. This is a representation
of “white” noise,bandlimited to thebandfrom 0 toW cyclespersecondandwith averagepowerN.2

4. Let pointsbedistributedon thet axisaccordingto a Poissondistribution. At eachselectedpoint the
function f � t � is placedandthedifferentfunctionsadded,giving theensemble

∞

∑
k2 � ∞

f � t � tk �
wherethetk arethepointsof thePoissondistribution. This ensemblecanbeconsideredasa typeof
impulseor shotnoisewhereall theimpulsesareidentical.

5. Thesetof Englishspeechfunctionswith theprobabilitymeasuregivenby thefrequency of occurrence
in ordinaryuse.

An ensembleof functions f q � t � is stationaryif thesameensembleresultswhenall functionsareshifted
any fixedamountin time. Theensemble

f S � t � � sin� t �vT��
is stationaryif T is distributeduniformly from 0 to 2i . If weshift eachfunctionby t1 weobtain

f S � t � t1 � � sin� t � t1 �vTd�� sin� t �a\��
with \ distributeduniformly from 0 to 2i . Eachfunction haschangedbut the ensembleas a whole is
invariantunderthetranslation.Theotherexamplesgivenabovearealsostationary.

An ensembleis ergodic if it is stationary, and there is no subsetof the functionsin the set with a
probabilitydifferentfrom 0 and1 which is stationary. Theensemble

sin� t �aTd�
is ergodic. No subsetof thesefunctionsof probability �� 0 � 1 is transformedinto itself underall time trans-
lations.On theotherhandtheensemble

asin� t �aTd�
with a distributednormallyand T uniform is stationarybut not ergodic. Thesubsetof thesefunctionswith
a between0 and1 for exampleis stationary.

Of the examplesgiven, 3 and4 areergodic, and5 may perhapsbe consideredso. If an ensembleis
ergodicwe may sayroughly that eachfunction in the set is typical of the ensemble.More preciselyit is
known thatwith anergodicensembleanaverageof any statisticovertheensembleis equal(with probability
1) to an averageover the time translationsof a particularfunction of the set.3 Roughlyspeaking,each
functioncanbeexpected,astimeprogresses,to go through,with theproperfrequency, all theconvolutions
of any of thefunctionsin theset.

2This representationcanbe usedasa definition of bandlimited white noise. It hascertainadvantagesin that it involves fewer
limiting operationsthando definitionsthat have beenusedin the past. The name“white noise,” alreadyfirmly entrenchedin the
literature,is perhapssomewhat unfortunate.In opticswhite light meanseitherany continuousspectrumascontrastedwith a point
spectrum,or aspectrumwhich is flat with wavelength(which is not thesameasaspectrumflat with frequency).

3This is the famousergodic theoremor ratheroneaspectof this theoremwhich wasproved in somewhat different formulations
by Birkoff, von Neumann,andKoopman,andsubsequentlygeneralizedby Wiener, Hopf, Hurewicz andothers. The literatureon
ergodic theoryis quite extensive andthe readeris referredto the papersof thesewriters for preciseandgeneralformulations;e.g.,
E.Hopf, “Ergodentheorie,” ErgebnissederMathematikundihrer Grenzgebiete, v. 5; “On CausalityStatisticsandProbability,” Journal
of MathematicsandPhysics,v. XIII, No. 1, 1934;N. Wiener, “The ErgodicTheorem,” Duke MathematicalJournal,v. 5, 1939.
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Justaswemayperformvariousoperationsonnumbersor functionsto obtainnew numbersor functions,
we can perform operationson ensemblesto obtain new ensembles.Suppose,for example,we have an
ensembleof functions f q � t � andan operatorT which gives for eachfunction f q � t � a resultingfunction
gq � t � :

gq � t � � T f q � t ���
Probabilitymeasureis definedfor thesetgqg� t � bymeansof thatfor theset f qJ� t � . Theprobabilityof acertain
subsetof thegq�� t � functionsis equalto thatof thesubsetof the f q�� t � functionswhichproducemembersof
thegivensubsetof g functionsundertheoperationT. Physicallythis correspondsto passingtheensemble
throughsomedevice, for example,a filter, a rectifier or a modulator. The outputfunctionsof the device
form theensemblegqg� t � .

A deviceor operatorT will becalledinvariantif shifting theinputmerelyshiftstheoutput,i.e., if

gq � t � � T f q � t �
implies

gq�� t � t1 � � T f qJ� t � t1 �
for all f q�� t � andall t1. It is easilyshown (seeAppendix5 that if T is invariantandthe input ensembleis
stationarythenthe outputensembleis stationary. Likewise if the input is ergodic the outputwill alsobe
ergodic.

A filter or a rectifieris invariantunderall time translations.Theoperationof modulationis notsincethe
carrierphasegivesa certaintime structure.However, modulationis invariantunderall translationswhich
aremultiplesof theperiodof thecarrier.

Wiener haspointedout the intimate relation betweenthe invarianceof physicaldevices undertime
translationsandFouriertheory.4 Hehasshown, in fact,thatif a device is linearaswell asinvariantFourier
analysisis thentheappropriatemathematicaltool for dealingwith theproblem.

An ensembleof functionsis theappropriatemathematicalrepresentationof themessagesproducedby
a continuoussource(for example,speech),of thesignalsproducedby a transmitter, andof theperturbing
noise.Communicationtheoryis properlyconcerned,ashasbeenemphasizedby Wiener, notwith operations
onparticularfunctions,butwith operationsonensemblesof functions.A communicationsystemis designed
not for a particularspeechfunctionandstill lessfor a sinewave,but for theensembleof speechfunctions.

19. BAND L IMITED ENSEMBLES OF FUNCTIONS

If a functionof time f � t � is limited to thebandfrom 0 to W cyclespersecondit is completelydetermined
by giving its ordinatesata seriesof discretepointsspaced 1

2W secondsapartin themannerindicatedby the
following result.5

Theorem13: Let f � t � containno frequenciesoverW. Then

f � t � � ∞

∑� ∞
Xn

sin iB� 2Wt � n�iB� 2Wt � n�
where

Xn
� f c n

2W
e �

4Communicationtheory is heavily indebtedto Wiener for muchof its basicphilosophyand theory. His classicNDRC report,
TheInterpolation,Extrapolationand Smoothingof StationaryTime Series(Wiley, 1949),containsthe first clear-cut formulationof
communicationtheoryasa statisticalproblem,thestudyof operationson time series.This work, althoughchieflyconcernedwith the
linearpredictionandfiltering problem,is an importantcollateralreferencein connectionwith the presentpaper. We may alsorefer
hereto Wiener’s Cybernetics(Wiley, 1948),dealingwith thegeneralproblemsof communicationandcontrol.

5For a proof of this theoremandfurtherdiscussionseetheauthor’s paper“Communicationin thePresenceof Noise” publishedin
theProceedingsof theInstituteof RadioEngineers,v. 37,No. 1, Jan.,1949,pp.10–21.
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In thisexpansionf � t � is representedasasumof orthogonalfunctions.ThecoefficientsXn of thevarious
termscan be consideredas coordinatesin an infinite dimensional“function space.” In this spaceeach
functioncorrespondsto preciselyonepointandeachpoint to onefunction.

A functioncanbeconsideredto besubstantiallylimited to a time T if all theordinatesXn outsidethis
interval of timearezero.In thiscaseall but 2TW of thecoordinateswill bezero.Thusfunctionslimited to
a bandW anddurationT correspondto pointsin a spaceof 2TW dimensions.

A subsetof thefunctionsof bandW anddurationT correspondsto a region in this space.For example,
thefunctionswhosetotalenergy is lessthanor equalto E correspondto pointsin a2TW dimensionalsphere
with radiusr � | 2WE.

An ensembleof functionsof limited durationandbandwill berepresentedby a probabilitydistribution
p � x1 ��������� xn � in thecorrespondingn dimensionalspace.If theensembleisnotlimited in timewecanconsider
the2TW coordinatesin agiveninterval T to representsubstantiallythepartof thefunctionin theinterval T
andtheprobabilitydistribution p � x1 �������	� xn � to give thestatisticalstructureof theensemblefor intervalsof
thatduration.

20. ENTROPY OF A CONTINUOUS DISTRIBUTION

Theentropy of a discretesetof probabilitiesp1 ��������� pn hasbeendefinedas:

H � � ∑ pi logpi �
In an analogousmannerwe definethe entropy of a continuousdistribution with the densitydistribution
function p � x� by:

H � �k� ∞� ∞
p � x� logp � x� dx �

With ann dimensionaldistribution p � x1 �������	� xn � wehave

H � � � ����� � p � x1 ��������� xn � logp � x1 �������	� xn � dx1 ����� dxn �
If we have two argumentsx andy (which may themselvesbemultidimensional)the joint andconditional
entropiesof p � x � y� aregivenby

H � x � y� � � ��� p � x � y� logp � x � y� dxdy

and

Hx � y� � � ��� p � x � y� log
p � x � y�
p � x� dxdy

Hy � x� � � ��� p � x � y� log
p � x � y�
p � y� dxdy

where

p � x� � � p � x � y� dy

p � y� � � p � x � y� dx �
Theentropiesof continuousdistributionshave most(but not all) of thepropertiesof thediscretecase.

In particularwehave thefollowing:

1. If x is limited to acertainvolumev in its space,thenH � x� is amaximumandequalto logv whenp � x�
is constant(1� v) in thevolume.
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2. With any two variablesx, y wehave

H � x � y�<; H � x�
� H � y�
with equalityif (andonly if) x andy areindependent,i.e., p � x � y� � p � x� p � y� (apartpossiblyfrom a
setof pointsof probabilityzero).

3. Considera generalizedaveragingoperationof thefollowing type:

p>K� y� � � a � x � y� p � x� dx

with � a � x � y� dx � � a � x � y� dy � 1 � a � x � y� ? 0 �
Thenthe entropy of the averageddistribution p> � y� is equalto or greaterthan that of the original
distribution p � x� .

4. We have

H � x � y� � H � x��� Hx � y� � H � y�
� Hy � x�
and

Hx � y�<; H � y���
5. Let p � x� beaone-dimensionaldistribution. Theformof p � x� givingamaximumentropy subjectto the

conditionthatthestandarddeviationof x befixedat � is Gaussian.To show thiswemustmaximize

H � x� � � � p � x� logp � x� dx

with � 2 � � p � x� x2 dx and 1 � � p � x� dx

asconstraints.This requires,by thecalculusof variations,maximizing� u�� p � x� logp � x�
�]W p � x� x2 �a� p � x� w dx �
Theconditionfor this is � 1 � logp � x���XW x2 �v� � 0

andconsequently(adjustingtheconstantsto satisfytheconstraints)

p � x� � 1| 2i�� e� � x2 o 2� 2 � �
Similarly in n dimensions,supposethesecondordermomentsof p � x1 �������	� xn � arefixedatAi j :

Ai j
� � ����� � xix j p � x1 �������	� xn � dx1 ����� dxn �

Thenthemaximumentropy occurs(by a similar calculation)whenp � x1 �������	� xn � is then dimensional
Gaussiandistributionwith thesecondordermomentsAi j .
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6. Theentropy of a one-dimensionalGaussiandistributionwhosestandarddeviation is � is givenby

H � x� � log | 2i e�<�
This is calculatedasfollows:

p � x� � 1| 2i�� e� � x2 o 2� 2 �
� logp � x� � log | 2i���� x2

2� 2

H � x� � � � p � x� logp � x� dx� � p � x� log | 2i�� dx �]� p � x� x2

2� 2 dx� log | 2i���� � 2

2� 2� log | 2i���� log | e� log | 2i e�<�
Similarly then dimensionalGaussiandistributionwith associatedquadraticform ai j is givenby

p � x1 �������	� xn � � � ai j
� 12� 2ig� no 2 exp c � 1

2 ∑ai jxix j e
andtheentropy canbecalculatedas

H � log � 2i e� no 2 � ai j
� � 1

2

where � ai j
� is thedeterminantwhoseelementsareai j .

7. If x is limited to a half line (p � x� � 0 for x ; 0) andthefirst momentof x is fixedata:

a � � ∞

0
p � x� xdx �

thenthemaximumentropy occurswhen

p � x� � 1
a

e� � xo a�
andis equalto logea.

8. Thereis oneimportantdifferencebetweenthecontinuousanddiscreteentropies.In thediscretecase
theentropy measuresin an absoluteway the randomnessof thechancevariable. In thecontinuous
casethemeasurementis relativeto thecoordinatesystem. If we changecoordinatestheentropy will
in generalchange.In factif wechangeto coordinatesy1 ����� yn thenew entropy is givenby

H � y� � � ����� � p � x1 �������	� xn � J c x
y
e logp � x1 ��������� xn � J c x

y
e dy1 ����� dyn

whereJ j x
y l is theJacobianof thecoordinatetransformation.Onexpandingthelogarithmandchang-

ing thevariablesto x1 ����� xn, weobtain:

H � y� � H � x�@� � ����� � p � x1 ��������� xn � logJ c x
y
e dx1 ����� dxn �
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Thusthenew entropy is theold entropy lesstheexpectedlogarithmof theJacobian.In thecontinuous
casetheentropy canbeconsideredameasureof randomnessrelativeto anassumedstandard, namely
thecoordinatesystemchosenwith eachsmallvolumeelementdx1 ����� dxn givenequalweight. When
wechangethecoordinatesystemtheentropy in thenew systemmeasurestherandomnesswhenequal
volumeelementsdy1 ����� dyn in thenew systemaregivenequalweight.

In spiteof this dependenceon thecoordinatesystemtheentropy conceptis asimportantin thecon-
tinuouscaseasthediscretecase.This is dueto thefactthatthederivedconceptsof informationrate
andchannelcapacitydependon thedifferenceof two entropiesandthis differencedoesnot depend
onthecoordinateframe,eachof thetwo termsbeingchangedby thesameamount.

Theentropy of acontinuousdistributioncanbenegative.Thescaleof measurementssetsanarbitrary
zerocorrespondingtoauniformdistributionoveraunit volume.A distributionwhichis moreconfined
thanthishaslessentropy andwill benegative.Theratesandcapacitieswill, however, alwaysbenon-
negative.

9. A particularcaseof changingcoordinatesis thelineartransformation

y j
� ∑

i
ai jxi �

In thiscasetheJacobianis simply thedeterminant� ai j
� � 1 and

H � y� � H � x�
� log � ai j
� �

In thecaseof a rotationof coordinates(or any measurepreservingtransformation)J � 1 andH � y� �
H � x� .

21. ENTROPY OF AN ENSEMBLE OF FUNCTIONS

Consideranergodicensembleof functionslimited to a certainbandof widthW cyclespersecond.Let

p � x1 �������	� xn �
be thedensitydistribution function for amplitudesx1 �������	� xn at n successive samplepoints. We definethe
entropy of theensembleperdegreeof freedomby

H > � � Lim
n
 ∞

1
n
� ����� � p � x1 ��������� xn � logp � x1 �������	� xn � dx1 ����� dxn �

We may alsodefinean entropy H per secondby dividing, not by n, but by the time T in secondsfor n
samples.Sincen � 2TW, H � 2WH > .

With white thermalnoisep is Gaussianandwehave

H > � log | 2i eN�
H � W log2i eN�

For a given averagepower N, white noisehasthe maximumpossibleentropy. This follows from the
maximizingpropertiesof theGaussiandistributionnotedabove.

Theentropy for a continuousstochasticprocesshasmany propertiesanalogousto thatfor discretepro-
cesses.In the discretecasethe entropy wasrelatedto the logarithmof the probability of long sequences,
andto thenumberof reasonablyprobablesequencesof long length. In thecontinuouscaseit is relatedin
a similar fashionto thelogarithmof theprobability densityfor a long seriesof samples,andthevolumeof
reasonablyhighprobabilityin thefunctionspace.

Moreprecisely, if weassumep � x1 ��������� xn � continuousin all thexi for all n, thenfor sufficiently largen��� logp
n

� H > ��� = A
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for all choicesof � x1 �������	� xn � apartfrom a setwhosetotal probability is lessthan � , with � and A arbitrarily
small.This followsform theergodicpropertyif wedivide thespaceinto a largenumberof smallcells.

The relation of H to volume can be statedas follows: Under the sameassumptionsconsiderthe n
dimensionalspacecorrespondingto p � x1 �������	� xn � . Let Vn � q� be the smallestvolumein this spacewhich
includesin its interiora totalprobabilityq. Then

Lim
n
 ∞

logVn � q�
n

� H >
providedq doesnotequal0 or 1.

Theseresultsshow thatfor largen thereis aratherwell-definedvolume(at leastin thelogarithmicsense)
of high probability, andthat within this volumethe probabilitydensityis relatively uniform (againin the
logarithmicsense).

In thewhitenoisecasethedistribution functionis givenby

p � x1 ��������� xn � � 1� 2i N � no 2 exp � 1
2N ∑x2

i �
Sincethis dependsonly on ∑x2

i thesurfacesof equalprobabilitydensityarespheresandtheentiredistri-
bution hassphericalsymmetry. The region of high probability is a sphereof radius | nN. As n + ∞ the
probabilityof beingoutsidea sphereof radius � n � N �]A�� approacheszeroand 1

n timesthelogarithmof the
volumeof thesphereapproacheslog | 2i eN.

In thecontinuouscaseit is convenientto work notwith theentropy H of anensemblebut with aderived
quantitywhich we will call theentropy power. This is definedasthepower in a white noiselimited to the
samebandastheoriginal ensembleandhaving thesameentropy. In otherwordsif H > is theentropy of an
ensembleits entropy power is

N1
� 1

2i e
exp2H >��

In thegeometricalpicturethisamountsto measuringthehighprobabilityvolumeby thesquaredradiusof a
spherehaving thesamevolume.Sincewhitenoisehasthemaximumentropy for agivenpower, theentropy
powerof any noiseis lessthanor equalto its actualpower.

22. ENTROPY LOSS IN L INEAR FILTERS

Theorem14: If anensemblehaving anentropy H1 perdegreeof freedomin bandW is passedthrougha
filter with characteristicY � f � theoutputensemblehasanentropy

H2
� H1 � 1

W
�

W
log �Y � f � � 2 d f �

Theoperationof thefilter is essentiallyalineartransformationof coordinates.If wethinkof thedifferent
frequency componentsastheoriginalcoordinatesystem,thenew frequency componentsaremerelytheold
onesmultiplied by factors.Thecoordinatetransformationmatrix is thusessentiallydiagonalizedin terms
of thesecoordinates.TheJacobianof thetransformationis (for n sineandn cosinecomponents)

J � n

∏
i 2 1

�Y � fi � � 2
wherethe fi areequallyspacedthroughthebandW. Thisbecomesin thelimit

exp
1
W
�

W
log �Y � f � � 2 d f �

SinceJ is constantits averagevalueis thesamequantityandapplyingthetheoremonthechangeof entropy
with achangeof coordinates,theresultfollows. We mayalsophraseit in termsof theentropy power. Thus
if theentropy powerof thefirst ensembleis N1 thatof thesecondis

N1exp
1
W
�

W
log �Y � f � � 2 d f �
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TABLE I

ENTROPY ENTROPY
GAIN POWER POWER GAIN IMPULSE RESPONSE

FACTOR IN DECIBELS

� ��
�

1 � � 1
e2 � 8   69

sin2 ¡ t ¢ 2£
t2 ¢ 2

� ��
�

1 � � 2 ¤ 2
e ¥ 4 � 5   33 2 ¦ sint

t3 � cost
t2 §

� ��
�

1 � � 3
0  411 � 3   87 6 ¦ cost � 1

t4 � cost
2t2 ¨ sint

t3 §

� ��
�©

1 � � 2 ¤ 2
e ¥ 2 � 2   67 ª

2
J1
¡ t £
t

� ��
�

« 1
e2¬ � 8   69« 1« t2 ­ cos¡ 1 � « £ t � cost ®

Thefinal entropy power is the initial entropy power multiplied by thegeometricmeangainof thefilter. If
thegainis measuredin db, thentheoutputentropy powerwill beincreasedby thearithmeticmeandb gain
overW.

In TableI theentropy power losshasbeencalculated(andalsoexpressedin db) for a numberof ideal
gaincharacteristics.Theimpulsiveresponsesof thesefiltersarealsogivenfor W � 2i , with phaseassumed
to be0.

The entropy loss for many othercasescanbe obtainedfrom theseresults. For examplethe entropy
power factor1� e2 for thefirst casealsoappliesto any gaincharacteristicobtainfrom 1 �O� by a measure
preservingtransformationof the � axis. In particulara linearly increasinggainG ����� � � , or a “saw tooth”
characteristicbetween0 and1 have the sameentropy loss. The reciprocalgain hasthe reciprocalfactor.
Thus1�1� hasthefactore2. Raisingthegainto any power raisesthefactorto thispower.

23. ENTROPY OF A SUM OF TWO ENSEMBLES

If wehavetwo ensemblesof functionsf qJ� t � andḡg� t � wecanform anew ensembleby “addition.” Suppose
thefirst ensemblehastheprobabilitydensityfunction p � x1 �������	� xn � andthesecondq � x1 �������	� xn � . Thenthe
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densityfunctionfor thesumis givenby theconvolution:

r � x1 �������	� xn � � � ����� � p � y1 �������	� yn � q � x1 � y1 �������	� xn � yn � dy1 ����� dyn �
Physicallythis correspondsto addingthenoisesor signalsrepresentedby theoriginal ensemblesof func-
tions.

Thefollowing resultis derivedin Appendix6.

Theorem15: Let theaveragepowerof two ensemblesbeN1 andN2 andlet their entropy powersbeN1

andN2. Thentheentropy powerof thesum,N3, is boundedby

N1 � N2 ; N3 ; N1 � N2 �
White Gaussiannoisehasthe peculiarpropertythat it canabsorbany othernoiseor signalensemble

whichmaybeaddedto it with a resultantentropy powerapproximatelyequalto thesumof thewhitenoise
powerandthesignalpower(measuredfrom theaveragesignalvalue,which is normallyzero),providedthe
signalpower is small,in a certainsense,comparedto noise.

Considerthe function spaceassociatedwith theseensembleshaving n dimensions.The white noise
correspondsto thesphericalGaussiandistributionin thisspace.Thesignalensemblecorrespondsto another
probabilitydistribution,not necessarilyGaussianor spherical.Let thesecondmomentsof this distribution
aboutits centerof gravity beai j . Thatis, if p � x1 ��������� xn � is thedensitydistribution function

ai j
� � ����� � p � xi �OE i ��� x j �OE j � dx1 ����� dxn

wherethe E i arethecoordinatesof thecenterof gravity. Now ai j is a positive definitequadraticform, and
wecanrotateourcoordinatesystemto align it with theprincipaldirectionsof this form. ai j is thenreduced
to diagonalform bii . We requirethateachbii besmall comparedto N, thesquaredradiusof thespherical
distribution.

In thiscasetheconvolutionof thenoiseandsignalproduceapproximatelyaGaussiandistributionwhose
correspondingquadraticform is

N � bii �
Theentropy powerof thisdistribution is � ∏ � N � bii � � 1o n
or approximately � � � N � n � ∑bii � N � n � 1 � 1o n�� N � 1

n ∑bii �
Thelasttermis thesignalpower, while thefirst is thenoisepower.

PART IV: THE CONTINUOUSCHANNEL

24. THE CAPACITY OF A CONTINUOUS CHANNEL

In acontinuouschanneltheinputor transmittedsignalswill becontinuousfunctionsof time f � t � belonging
to a certainset,andthe outputor received signalswill be perturbedversionsof these. We will consider
only thecasewhereboth transmittedandreceivedsignalsarelimited to a certainbandW. They canthen
bespecified,for a timeT, by 2TW numbers,andtheir statisticalstructureby finite dimensionaldistribution
functions.Thusthestatisticsof thetransmittedsignalwill bedeterminedby

P � x1 �������	� xn � � P � x�
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andthoseof thenoiseby theconditionalprobabilitydistribution

Px1 �    � xn � y1 �������	� yn � � Px � y���
Therateof transmissionof informationfor a continuouschannelis definedin a way analogousto that

for adiscretechannel,namely
R � H � x�@� Hy � x�

whereH � x� is theentropy of theinputandHy � x� theequivocation.ThechannelcapacityC is definedasthe
maximumof Rwhenwevary theinputoverall possibleensembles.Thismeansthatin a finite dimensional
approximationwemustvaryP � x� � P � x1 �������	� xn � andmaximize� � P � x� logP � x� dx � ��� P � x � y� log

P � x � y�
P � y� dxdy�

Thiscanbewritten ��� P � x � y� log
P � x � y�

P � x� P � y� dxdy

usingthefactthat ��� P � x � y� logP � x� dxdy � � P � x� logP � x� dx. Thechannelcapacityis thusexpressedas

follows:

C � Lim
T 
 ∞

Max
P � x� 1

T
��� P � x � y� log

P � x � y�
P � x� P � y� dxdy�

It is obvious in this form that R andC areindependentof the coordinatesystemsincethe numerator

anddenominatorin log
P � x � y�

P � x� P � y� will bemultiplied by thesamefactorswhenx andy aretransformedin

any one-to-oneway. This integralexpressionfor C is moregeneralthanH � x�@� Hy � x� . Properlyinterpreted
(seeAppendix7) it will alwaysexist while H � x�Z� Hy � x� mayassumeanindeterminateform ∞ � ∞ in some
cases.This occurs,for example,if x is limited to a surfaceof fewer dimensionsthann in its n dimensional
approximation.

If the logarithmicbaseusedin computingH � x� andHy � x� is two thenC is the maximumnumberof
binary digits that can be sentper secondover the channelwith arbitrarily small equivocation,just as in
the discretecase. This can be seenphysically by dividing the spaceof signalsinto a large numberof
small cells,sufficiently small so that theprobabilitydensityPx � y� of signalx beingperturbedto point y is
substantiallyconstantoveracell (eitherof x or y). If thecellsareconsideredasdistinctpointsthesituationis
essentiallythesameasadiscretechannelandtheproofsusedtherewill apply. But it is clearphysicallythat
this quantizingof thevolumeinto individual pointscannotin any practicalsituationalter thefinal answer
significantly, providedtheregionsaresufficiently small.Thusthecapacitywill bethelimit of thecapacities
for thediscretesubdivisionsandthis is just thecontinuouscapacitydefinedabove.

On themathematicalsideit canbeshown first (seeAppendix7) thatif u is themessage,x is thesignal,
y is thereceivedsignal(perturbedby noise)andv is therecoveredmessagethen

H � x�@� Hy � x� ? H � u�y� Hv � u�
regardlessof whatoperationsareperformedon u to obtainx or on y to obtainv. Thusno matterhow we
encodethebinarydigits to obtainthesignal,or how we decodethereceivedsignalto recover themessage,
thediscreteratefor thebinarydigits doesnot exceedthechannelcapacitywe have defined.On theother
hand,it is possibleunderverygeneralconditionsto find acodingsystemfor transmittingbinarydigitsat the
rateC with assmallanequivocationor frequency of errorsasdesired.This is true,for example,if, whenwe
take a finite dimensionalapproximatingspacefor thesignalfunctions,P � x � y� is continuousin bothx andy
exceptata setof pointsof probabilityzero.

An importantspecialcaseoccurswhenthenoiseis addedto thesignalandis independentof it (in the
probabilitysense).ThenPx � y� is a functiononly of thedifferencen � � y � x� ,

Px � y� � Q � y � x�
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andwe canassigna definiteentropy to the noise(independentof the statisticsof the signal),namelythe
entropy of thedistributionQ � n� . Thisentropy will bedenotedby H � n� .

Theorem16: If thesignalandnoiseareindependentandthereceivedsignalis thesumof thetransmitted
signalandthenoisethentherateof transmissionis

R � H � y�y� H � n���
i.e., theentropy of thereceivedsignallesstheentropy of thenoise.Thechannelcapacityis

C � Max
P � x� H � y�@� H � n���

We have,sincey � x � n:
H � x � y� � H � x � n���

Expandingtheleft sideandusingthefactthatx andn areindependent

H � y�
� Hy � x� � H � x�
� H � n���
Hence

R � H � x�@� Hy � x� � H � y�@� H � n���
SinceH � n� is independentof P � x� , maximizingR requiresmaximizingH � y� , theentropy of thereceived

signal. If therearecertainconstraintson the ensembleof transmittedsignals,theentropy of the received
signalmustbemaximizedsubjectto theseconstraints.

25. CHANNEL CAPACITY WITH AN AVERAGE POWER L IMITATION

A simpleapplicationof Theorem16 is thecasewhenthenoiseis a white thermalnoiseandthetransmitted
signalsarelimited to a certainaveragepower P. Thenthe receivedsignalshave anaveragepower P � N
whereN is theaveragenoisepower. Themaximumentropy for thereceivedsignalsoccurswhenthey also
form awhitenoiseensemblesincethisis thegreatestpossibleentropy for apowerP � N andcanbeobtained
by a suitablechoiceof transmittedsignals,namelyif they form a white noiseensembleof power P. The
entropy (persecond)of thereceivedensembleis then

H � y� � W log2i e� P � N ���
andthenoiseentropy is

H � n� � W log2i eN�
Thechannelcapacityis

C � H � y�@� H � n� � W log
P � N

N
�

Summarizingwehave thefollowing:

Theorem17: Thecapacityof a channelof bandW perturbedby white thermalnoisepowerN whenthe
averagetransmitterpower is limited to P is givenby

C � W log
P � N

N
�

This meansthat by sufficiently involved encodingsystemswe can transmitbinary digits at the rate

W log2
P � N

N
bits persecond,with arbitrarily small frequency of errors. It is not possibleto transmitat a

higherrateby any encodingsystemwithouta definitepositive frequency of errors.
To approximatethis limiting rateof transmissionthetransmittedsignalsmustapproximate,in statistical

properties,a white noise.6 A systemwhich approachesthe ideal ratemay be describedas follows: Let

6This andotherpropertiesof the white noisecasearediscussedfrom the geometricalpoint of view in “Communicationin the
Presenceof Noise,” loc. cit.
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M � 2s samplesof whitenoisebeconstructedeachof durationT. Theseareassignedbinarynumbersfrom
0 to M � 1. At the transmitterthe messagesequencesarebrokenup into groupsof s andfor eachgroup
thecorrespondingnoisesampleis transmittedasthesignal. At thereceiver theM samplesareknown and
theactualreceivedsignal(perturbedby noise)is comparedwith eachof them. Thesamplewhich hasthe
leastR.M.S.discrepancy from thereceivedsignalis chosenasthetransmittedsignalandthecorresponding
binary numberreconstructed.This processamountsto choosingthe mostprobable(a posteriori) signal.
ThenumberM of noisesamplesusedwill dependon thetolerablefrequency A of errors,but for almostall
selectionsof sampleswehave

Lim° 
 0
Lim
T 
 ∞

logM �FA1� T �
T

� W log
P � N

N
�

sothatno matterhow small A is chosen,we can,by takingT sufficiently large,transmitasnearaswe wish

to TW log
P � N

N
binarydigits in thetimeT.

Formulassimilar to C � W log
P � N

N
for the white noise casehave beendevelopedindependently

by several otherwriters, althoughwith somewhat differentinterpretations.We may mentionthe work of
N. Wiener,7 W. G. Tuller,8 andH. Sullivanin thisconnection.

In thecaseof anarbitraryperturbingnoise(not necessarilywhite thermalnoise)it doesnot appearthat
themaximizingprobleminvolvedin determiningthechannelcapacityC canbesolvedexplicitly. However,
upperandlowerboundscanbesetfor C in termsof theaveragenoisepowerN thenoiseentropy powerN1.
Theseboundsaresufficiently closetogetherin mostpracticalcasesto furnisha satisfactorysolutionto the
problem.

Theorem18: The capacityof a channelof bandW perturbedby an arbitrarynoiseis boundedby the
inequalities

W log
P � N1

N1
; C ; W log

P � N
N1

where

P � averagetransmitterpower

N � averagenoisepower

N1
� entropy powerof thenoise.

Hereagainthe averagepower of the perturbedsignalswill be P � N. The maximumentropy for this
power would occur if the received signalwerewhite noiseandwould beW log2i e� P � N � . It may not
bepossibleto achieve this; i.e., theremaynot beany ensembleof transmittedsignalswhich, addedto the
perturbingnoise,produceawhite thermalnoiseat thereceiver, but at leastthissetsanupperboundto H � y� .
We have,therefore

C � MaxH � y�@� H � n�; W log2i e� P � N �@� W log2i eN1 �
This is theupperlimit givenin thetheorem.Thelower limit canbeobtainedby consideringtherateif we
make thetransmittedsignala whitenoise,of powerP. In thiscasetheentropy powerof thereceivedsignal
mustbe at leastasgreatasthat of a white noiseof power P � N1 sincewe have shown in in a previous
theoremthat the entropy power of the sumof two ensemblesis greaterthanor equalto the sumof the
individualentropy powers.Hence

MaxH � y� ? W log2i e� P � N1 �
7Cybernetics,loc. cit.
8“TheoreticalLimitations on the Rateof Transmissionof Information,” Proceedingsof the Instituteof RadioEngineers, v. 37,

No. 5, May, 1949,pp.468–78.
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and

C ? W log2i e� P � N1 �@� W log2i eN1� W log
P � N1

N1
�

As P increases,theupperandlowerboundsapproacheachother, sowehaveasanasymptoticrate

W log
P � N

N1
�

If thenoiseis itself white,N � N1 andtheresultreducesto theformulaprovedpreviously:

C � W log c 1 � P
N
e �

If thenoiseis Gaussianbut with a spectrumwhich is not necessarilyflat, N1 is thegeometricmeanof
thenoisepowerover thevariousfrequenciesin thebandW. Thus

N1
� exp

1
W
�

W
logN � f � d f

whereN � f � is thenoisepowerat frequency f .

Theorem19: If wesetthecapacityfor a giventransmitterpowerP equalto

C � W log
P � N � R

N1

then R is monotonicdecreasingasP increasesandapproaches0 asa limit.

Supposethatfor agivenpowerP1 thechannelcapacityis

W log
P1 � N � R 1

N1
�

This meansthat the bestsignaldistribution, say p � x� , whenaddedto the noisedistribution q � x� , givesa
receiveddistribution r � y� whoseentropy power is � P1 � N � R 1 � . Let us increasethepower to P1 �X± P by
addingawhitenoiseof power ± P to thesignal.Theentropy of thereceivedsignalis now at least

H � y� � W log2i e� P1 � N � R 1 �]± P�
by applicationof the theoremon the minimum entropy power of a sum. Hence,sincewe canattain the
H indicated,theentropy of themaximizingdistribution mustbeat leastasgreatand R mustbemonotonic
decreasing.To show that R + 0 asP + ∞ considera signalwhich is white noisewith a largeP. Whatever
theperturbingnoise,thereceivedsignalwill beapproximatelyawhitenoise,if P is sufficiently large,in the
senseof having anentropy powerapproachingP � N.

26. THE CHANNEL CAPACITY WITH A PEAK POWER L IMITATION

In someapplicationsthetransmitteris limited notby theaveragepoweroutputbut by thepeakinstantaneous
power. The problemof calculatingthe channelcapacityis then that of maximizing(by variationof the
ensembleof transmittedsymbols)

H � y�@� H � n�
subjectto theconstraintthatall the functions f � t � in theensemblebelessthanor equalto | S, say, for all
t. A constraintof this typedoesnot work out aswell mathematicallyastheaveragepower limitation. The

mostwe have obtainedfor this caseis a lower boundvalid for all
S
N

, an “asymptotic”upperbound(valid

for large
S
N

) andanasymptoticvalueof C for
S
N

small.
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Theorem20: The channelcapacityC for a bandW perturbedby white thermalnoiseof power N is
boundedby

C ? W log
2i e3

S
N
�

whereS is thepeakallowedtransmitterpower. For sufficiently large
S
N

C ; W log
2² eS � N

N
� 1 �aA��

whereA is arbitrarilysmall.As
S
N
+ 0 (andprovidedthebandW startsat0)

C ³ W log U 1 � S
N
Y´+ 1 �

We wish to maximizetheentropy of thereceivedsignal. If
S
N

is largethis will occurvery nearlywhen

wemaximizetheentropy of thetransmittedensemble.
Theasymptoticupperboundis obtainedby relaxingtheconditionsontheensemble.Let ussupposethat

thepoweris limited to Snotateveryinstantof time,but only at thesamplepoints.Themaximumentropy of
thetransmittedensembleundertheseweakenedconditionsis certainlygreaterthanor equalto thatunderthe
originalconditions.Thisalteredproblemcanbesolvedeasily. Themaximumentropy occursif thedifferent
samplesareindependentandhaveadistributionfunctionwhichis constantfrom � | Sto � | S. Theentropy
canbecalculatedas

W log4S�
Thereceivedsignalwill thenhaveanentropy lessthan

W log � 4S � 2i eN��� 1 �aA��
with AB+ 0 as

S
N
+ ∞ andthechannelcapacityis obtainedby subtractingtheentropy of thewhite noise,

W log2i eN:

W log � 4S � 2i eN��� 1 �aA��@� Wlog � 2i eN� � W log
2² eS � N

N
� 1 �aA����

This is thedesiredupperboundto thechannelcapacity.
To obtainalowerboundconsiderthesameensembleof functions.Let thesefunctionsbepassedthrough

an ideal filter with a triangulartransfercharacteristic.The gain is to be unity at frequency 0 anddecline
linearly down to gain0 at frequency W. We first show that the outputfunctionsof the filter have a peak

power limitation Sat all times(not just thesamplepoints). First we notethata pulse
sin2i Wt

2i Wt
goinginto

thefilter produces
1
2

sin2 i Wt�Ki Wt � 2
in theoutput.This functionis nevernegative. Theinput function(in thegeneralcase)canbethoughtof as
thesumof a seriesof shiftedfunctions

a
sin2i Wt

2i Wt

wherea, theamplitudeof thesample,is notgreaterthan | S. Hencetheoutputis thesumof shiftedfunctions
of thenon-negativeform abovewith thesamecoefficients.Thesefunctionsbeingnon-negative,thegreatest
positivevaluefor any t is obtainedwhenall thecoefficientsa havetheirmaximumpositivevalues,i.e., | S.
In thiscasetheinput functionwasaconstantof amplitude| Sandsincethefilter hasunit gainfor D.C.,the
outputis thesame.Hencetheoutputensemblehasa peakpowerS.
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The entropy of the outputensemblecan be calculatedfrom that of the input ensembleby using the
theoremdealingwith suchasituation.Theoutputentropy is equalto theinputentropy plusthegeometrical
meangainof thefilter: � W

0
logG2 d f � � W

0
log c W � f

W
e 2

d f � � 2W �
Hencetheoutputentropy is

W log4S � 2W � W log
4S
e2

andthechannelcapacityis greaterthan

W log
2i e3

S
N
�

Wenow wishto show that,for small
S
N

(peaksignalpoweroveraveragewhitenoisepower),thechannel

capacityis approximately

C � W log U 1 � S
N
Y3�

More preciselyC ³ W log U 1 � S
N
Yµ+ 1 as

S
N
+ 0. Sincetheaveragesignalpower P is lessthanor equal

to thepeakS, it followsthatfor all
S
N

C ; W log U 1 � P
N
Yµ; W log U 1 � S

N
Y3�

Therefore,if wecanfind anensembleof functionssuchthatthey correspondto aratenearlyW log U 1 � S
N
Y

andarelimited to bandW andpeakS theresultwill beproved. Considertheensembleof functionsof the
following type.A seriesof t sampleshavethesamevalue,either � | Sor � | S, thenthenext t sampleshave
thesamevalue,etc. Thevaluefor a seriesis chosenat random,probability 1

2 for � | Sand 1
2 for � | S. If

this ensemblebepassedthrougha filter with triangulargaincharacteristic(unit gainat D.C.), theoutputis
peaklimited to � S. Furthermoretheaveragepower is nearlySandcanbemadeto approachthisby takingt
sufficiently large.Theentropy of thesumof thisandthethermalnoisecanbefoundby applyingthetheorem
on thesumof a noiseanda smallsignal.This theoremwill applyif| t

S
N

is sufficiently small. This canbeensuredby taking
S
N

smallenough(aftert is chosen).Theentropy power

will beS � N to ascloseanapproximationasdesired,andhencetherateof transmissionasnearaswewish
to

W log U S � N
N

Y3�
PART V: THE RATE FORA CONTINUOUSSOURCE

27. FIDELITY EVALUATION FUNCTIONS

In the caseof a discretesourceof information we were able to determinea definite rate of generating
information,namelytheentropy of theunderlyingstochasticprocess.With acontinuoussourcethesituation
is considerablymore involved. In the first placea continuouslyvariablequantitycanassumean infinite
numberof valuesandrequires,therefore,an infinite numberof binarydigits for exactspecification.This
meansthatto transmittheoutputof acontinuoussourcewith exactrecoveryat thereceiving point requires,
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in general,a channelof infinite capacity(in bits per second).Since,ordinarily, channelshave a certain
amountof noise,andthereforeafinite capacity, exacttransmissionis impossible.

This, however, evadesthe real issue.Practically, we arenot interestedin exact transmissionwhenwe
have a continuoussource,but only in transmissionto within a certaintolerance.Thequestionis, canwe
assignadefiniterateto acontinuoussourcewhenwerequireonly acertainfidelity of recovery, measuredin
a suitableway. Of course,asthefidelity requirementsareincreasedtheratewill increase.It will beshown
that we can,in very generalcases,definesucha rate,having the propertythat it is possible,by properly
encodingtheinformation,to transmitit over a channelwhosecapacityis equalto theratein question,and
satisfythefidelity requirements.A channelof smallercapacityis insufficient.

It is first necessaryto give a generalmathematicalformulationof the ideaof fidelity of transmission.
Considerthe setof messagesof a long duration,sayT seconds.The sourceis describedby giving the
probabilitydensity, in theassociatedspace,thatthesourcewill selectthemessagein questionP � x� . A given
communicationsystemis described(from theexternalpoint of view) by giving theconditionalprobability
Px � y� thatif messagex is producedby thesourcetherecoveredmessageat thereceiving pointwill bey. The
systemasawhole(includingsourceandtransmissionsystem)is describedby theprobabilityfunctionP � x � y�
of having messagex andfinal outputy. If this functionis known, thecompletecharacteristicsof thesystem
from the point of view of fidelity areknown. Any evaluationof fidelity mustcorrespondmathematically
to anoperationappliedto P � x � y� . This operationmustat leasthave thepropertiesof a simpleorderingof
systems;i.e.,it mustbepossibleto sayof two systemsrepresentedby P1 � x � y� andP2 � x � y� that,accordingto
ourfidelity criterion,either(1) thefirst hashigherfidelity, (2) thesecondhashigherfidelity, or (3) they have
equalfidelity. Thismeansthatacriterionof fidelity canberepresentedby a numericallyvaluedfunction:

v j P � x � y� l
whoseargumentrangesoverpossibleprobabilityfunctionsP � x � y� .

We will now show that undervery generalandreasonableassumptionsthe functionv j P � x � y� l canbe
written in a seeminglymuchmorespecializedform, namelyasanaverageof a function ¶·� x � y� over theset
of possiblevaluesof x andy:

v j P � x � y� l � ��� P � x � y�¸¶·� x � y� dxdy�
To obtainthis we needonly assume(1) that thesourceandsystemareergodicso thata very long sample
will be,with probabilitynearly1, typicalof theensemble,and(2) thattheevaluationis “reasonable”in the
sensethat it is possible,by observinga typical input andoutputx1 andy1, to form a tentative evaluation
on thebasisof thesesamples;andif thesesamplesareincreasedin durationthe tentative evaluationwill,
with probability 1, approachthe exact evaluationbasedon a full knowledgeof P � x � y� . Let the tentative
evaluationbe ¶·� x � y� . Thenthefunction ¶Q� x � y� approaches(asT + ∞) aconstantfor almostall � x � y� which
arein thehighprobabilityregioncorrespondingto thesystem:¶Q� x � y�g+ v j P � x � y� l
andwemayalsowrite ¶·� x � y�J+ ��� P � x � y�¸¶·� x � y� dxdy

since ��� P � x � y� dxdy � 1 �
Thisestablishesthedesiredresult.

Thefunction ¶·� x � y� hasthegeneralnatureof a“distance”betweenx andy.9 It measureshow undesirable
it is (accordingto our fidelity criterion) to receive y whenx is transmitted.Thegeneralresultgivenabove
canberestatedasfollows: Any reasonableevaluationcanberepresentedasanaverageof adistancefunction
over thesetof messagesandrecoveredmessagesx andy weightedaccordingto theprobabilityP � x � y� of
gettingthepair in question,providedthedurationT of themessagesbetakensufficiently large.

Thefollowing aresimpleexamplesof evaluationfunctions:

9It is nota“metric” in thestrictsense,however, sincein generalit doesnotsatisfyeither¹ ¡ x º y£1»f¹ ¡ yº x£ or ¹ ¡ xº y£ ¨ ¹ ¡ yº z£`¼�¹ ¡ x º z£ .
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1. R.M.S.criterion.
v � j x � t �@� y � t � l 2 �

In this verycommonlyusedmeasureof fidelity thedistancefunction ¶Q� x � y� is (apartfrom a constant
factor) the squareof the ordinaryEuclideandistancebetweenthe pointsx andy in the associated
functionspace. ¶Q� x � y� � 1

T
� T

0
u x � t �@� y � t � w 2dt �

2. Frequency weightedR.M.S.criterion.Moregenerallyonecanapplydifferentweightsto thedifferent
frequency componentsbeforeusinganR.M.S.measureof fidelity. This is equivalentto passingthe
differencex � t �Q� y � t � througha shapingfilter andthendeterminingtheaveragepower in theoutput.
Thuslet

e� t � � x � t �@� y � t �
and

f � t � � � ∞� ∞
e�K½y� k � t �¾½y� d ½

then ¶·� x � y� � 1
T
� T

0
f � t � 2 dt �

3. Absoluteerrorcriterion. ¶·� x � y� � 1
T
� T

0

�� x � t �@� y � t � �� dt �
4. Thestructureof theearandbraindetermineimplicitly anevaluation,or ratheranumberof evaluations,

appropriatein the caseof speechor musictransmission.Thereis, for example,an “intelligibility”
criterion in which ¶·� x � y� is equalto the relative frequency of incorrectly interpretedwords when
messagex � t � is receivedasy � t � . Althoughwecannotgiveanexplicit representationof ¶·� x � y� in these
casesit could,in principle,bedeterminedby sufficientexperimentation.Someof its propertiesfollow
from well-knownexperimentalresultsin hearing,e.g.,theearis relatively insensitiveto phaseandthe
sensitivity to amplitudeandfrequency is roughlylogarithmic.

5. Thediscretecasecanbeconsideredasaspecializationin whichwehavetacitly assumedanevaluation
basedonthefrequency of errors.Thefunction ¶Q� x � y� is thendefinedasthenumberof symbolsin the
sequencey differing from thecorrespondingsymbolsin x dividedby thetotal numberof symbolsin
x.

28. THE RATE FOR A SOURCE RELATIVE TO A FIDELITY EVALUATION

We arenow in a positionto definea rateof generatinginformationfor a continuoussource.We aregiven
P � x� for the sourceandan evaluationv determinedby a distancefunction ¶Q� x � y� which will be assumed
continuousin bothx andy. With a particularsystemP � x � y� thequality is measuredby

v � �
��¶·� x � y� P � x � y� dxdy�
Furthermoretherateof flow of binarydigits correspondingto P � x � y� is

R � ��� P � x � y� log
P � x � y�

P � x� P � y� dxdy�
We definetherateR1 of generatinginformationfor agivenqualityv1 of reproductionto betheminimumof
R whenwekeepv fixedatv1 andvaryPx � y� . Thatis:

R1
� Min

Px � y� ��� P � x � y� log
P � x � y�

P � x� P � y� dxdy
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subjectto theconstraint:

v1
� ��� P � x � y�¸¶·� x � y� dxdy�

This meansthat we consider, in effect, all the communicationsystemsthat might be usedand that
transmitwith the requiredfidelity. The rateof transmissionin bits per secondis calculatedfor eachone
andwe choosethathaving theleastrate. This latter rateis theratewe assignthesourcefor thefidelity in
question.

Thejustificationof thisdefinitionlies in thefollowing result:

Theorem21: If a sourcehasa rateR1 for a valuationv1 it is possibleto encodetheoutputof thesource
andtransmitit overa channelof capacityC with fidelity asnearv1 asdesiredprovidedR1 ; C. This is not
possibleif R1 * C.

Thelaststatementin thetheoremfollows immediatelyfrom thedefinitionof R1 andpreviousresults.If
it werenot truewe couldtransmitmorethanC bits persecondover a channelof capacityC. Thefirst part
of the theoremis provedby a methodanalogousto that usedfor Theorem11. We may, in thefirst place,
divide the � x � y� spaceinto a largenumberof smallcellsandrepresentthesituationasa discretecase.This
will not changetheevaluationfunctionby morethananarbitrarily smallamount(whenthecellsarevery
small) becauseof the continuityassumedfor ¶Q� x � y� . Supposethat P1 � x � y� is theparticularsystemwhich
minimizestherateandgivesR1. We choosefrom thehighprobabilityy’sa setat randomcontaining

2 � R1 G ° � T
memberswhere A�+ 0 asT + ∞. With largeT eachchosenpoint will beconnectedby a high probability
line (asin Fig. 10) to a setof x’s. A calculationsimilar to thatusedin proving Theorem11shows thatwith
largeT almostall x’sarecoveredby thefansfrom thechoseny pointsfor almostall choicesof they’s. The
communicationsystemto be usedoperatesasfollows: The selectedpointsareassignedbinary numbers.
Whena messagex is originatedit will (with probabilityapproaching1 asT + ∞) lie within at leastone
of thefans.Thecorrespondingbinarynumberis transmitted(or oneof themchosenarbitrarily if thereare
several)over thechannelby suitablecodingmeansto givea smallprobabilityof error. SinceR1 ; C this is
possible.At thereceiving point thecorrespondingy is reconstructedandusedastherecoveredmessage.

The evaluationv>1 for this systemcan be madearbitrarily closeto v1 by taking T sufficiently large.
This is dueto thefactthatfor eachlongsampleof messagex � t � andrecoveredmessagey � t � theevaluation
approachesv1 (with probability1).

It is interestingto notethat,in thissystem,thenoisein therecoveredmessageis actuallyproducedby a
kind of generalquantizingat thetransmitterandnotproducedby thenoisein thechannel.It is moreor less
analogousto thequantizingnoisein PCM.

29. THE CALCULATION OF RATES

Thedefinitionof therateis similar in many respectsto thedefinitionof channelcapacity. In theformer

R � Min
Px � y� ��� P � x � y� log

P � x � y�
P � x� P � y� dxdy

with P � x� andv1
� �
� P � x � y�¸¶·� x � y� dxdy fixed.In thelatter

C � Max
P � x� ��� P � x � y� log

P � x � y�
P � x� P � y� dxdy

with Px � y� fixedandpossiblyoneor moreotherconstraints(e.g.,anaveragepower limitation) of theform
K �À¿	¿ P � x � y��WJ� x � y� dxdy.

A partialsolutionof thegeneralmaximizingproblemfor determiningtherateof a sourcecanbegiven.
UsingLagrange’smethodweconsider��� _

P � x � y� log
P � x � y�

P � x� P � y� �v� P � x � y�¸¶·� x � y�
�XÁ�� x� P � x � y� h dxdy�
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Thevariationalequation(whenwetake thefirst variationonP � x � y� ) leadsto

Py � x� � B � x� e�@Â1Ã � x � y�
where W is determinedto givetherequiredfidelity andB � x� is chosento satisfy� B � x� e�yÂ1Ã � x � y� dx � 1 �

This shows that,with bestencoding,theconditionalprobabilityof a certaincausefor variousreceived
y, Py � x� will declineexponentiallywith thedistancefunction ¶Q� x � y� betweenthex andy in question.

In thespecialcasewherethedistancefunction ¶Q� x � y� dependsonly onthe(vector)differencebetweenx
andy, ¶·� x � y� � ¶·� x � y�
wehave � B � x� e�@Â1Ã � x � y� dx � 1 �
HenceB � x� is constant,say E , and

Py � x� � E e�@Â1Ã � x � y� �
Unfortunatelytheseformalsolutionsaredifficult to evaluatein particularcasesandseemto beof little value.
In fact,theactualcalculationof rateshasbeencarriedout in only a few verysimplecases.

If thedistancefunction ¶Q� x � y� is themeansquarediscrepancy betweenx andy andthemessageensemble
is whitenoise,theratecanbedetermined.In thatcasewehave

R � Min u H � x�@� Hy � x� w � H � x�@� MaxHy � x�
with N � � x � y� 2. But theMaxHy � x� occurswheny � x is awhitenoise,andis equaltoW1 log2i eNwhere
W1 is thebandwidthof themessageensemble.Therefore

R � W1 log2i eQ � W1 log2i eN� W1 log
Q
N

whereQ is theaveragemessagepower. Thisprovesthefollowing:

Theorem22: Theratefor a white noisesourceof power Q andbandW1 relative to anR.M.S.measure
of fidelity is

R � W1 log
Q
N

whereN is theallowedmeansquareerrorbetweenoriginalandrecoveredmessages.

Moregenerallywith any messagesourcewecanobtaininequalitiesboundingtheraterelativeto amean
squareerrorcriterion.

Theorem23: Theratefor any sourceof bandW1 is boundedby

W1 log
Q1

N
; R ; W1 log

Q
N

whereQ is theaveragepowerof thesource,Q1 its entropy powerandN theallowedmeansquareerror.

Thelower boundfollows from thefact that theMaxHy � x� for a given � x � y� 2 � N occursin thewhite
noisecase.Theupperboundresultsif weplacepoints(usedin theproofof Theorem21)not in thebestway
but at randomin asphereof radius | Q � N.
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APPENDIX 5

Let S1 be any measurablesubsetof the g ensemble,andS2 the subsetof the f ensemblewhich givesS1

undertheoperationT. Then
S1
� TS2 �

Let H Â betheoperatorwhichshiftsall functionsin a setby thetime W . Then

H Â S1
� H Â TS2

� TH Â S2

sinceT is invariantandthereforecommuteswith H Â . Henceif mrSt is theprobabilitymeasureof thesetS

mrH Â S1 t � mrTH Â S2 t � mrH Â S2 t� mrS2 t � mrS1 t
wherethe secondequality is by definition of measurein the g space,the third sincethe f ensembleis
stationary, andthelastby definitionof g measureagain.

To prove that the ergodic propertyis preservedunderinvariantoperations,let S1 be a subsetof the g
ensemblewhich is invariantunderH Â , andlet S2 bethesetof all functions f whichtransforminto S1. Then

H Â S1
� H Â TS2

� TH Â S2
� S1

sothatH Â S2 is includedin S2 for all W . Now, since

mrH Â S2 t � mrS1 t
this implies

H Â S2
� S2

for all W with mrS2 tg�� 0 � 1. ThiscontradictionshowsthatS1 doesnotexist.

APPENDIX 6

Theupperbound,N3 ; N1 � N2, is dueto thefactthatthemaximumpossibleentropy for a power N1 � N2

occurswhenwehavea whitenoiseof thispower. In thiscasetheentropy power is N1 � N2.
To obtain the lower bound,supposewe have two distributions in n dimensionsp � xi � andq � xi � with

entropy powersN1 andN2. What form shouldp andq have to minimize the entropy power N3 of their
convolution r � xi � :

r � xi � � � p � yi � q � xi � yi � dyi �
Theentropy H3 of r is givenby

H3
� � � r � xi � logr � xi � dxi �

We wish to minimizethissubjectto theconstraints

H1
� � � p � xi � logp � xi � dxi

H2
� � � q � xi � logq � xi � dxi �
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We considerthen

U � � � u r � x� logr � x�
�]W p � x� logp � x�
�v� q � x� logq � x� w dx� U � � �Äu r 1 � logr � x�¸tp� r � x�
�]WJr 1 � logp � x��t�� p � x�
�v�Br 1 � logq � x��t�� q � x� w dx �
If p � x� is variedataparticularargumentxi

� si , thevariationin r � x� is� r � x� � q � xi � si �
and � U � � � q � xi � si � logr � xi � dxi �vW logp � si � � 0

andsimilarly whenq is varied.Hencetheconditionsfor aminimumare� q � xi � si � logr � xi � dxi
� �fW logp � si �� p � xi � si � logr � xi � dxi
� ��� logq � si ���

If wemultiply thefirst by p � si � andthesecondby q � si � andintegratewith respectto si weobtain

H3
� �fW H1

H3
� ��� H2

or solvingfor W and � andreplacingin theequations

H1 � q � xi � si � logr � xi � dxi
� � H3 logp � si �

H2 � p � xi � si � logr � xi � dxi
� � H3 logq � si ���

Now supposep � xi � andq � xi � arenormal

p � xi � � �Ai j
� no 2� 2ig� no 2 exp � 1

2 ∑Ai jxix j

q � xi � � �Bi j
� no 2� 2ig� no 2 exp � 1

2 ∑Bi jxix j �
Thenr � xi � will alsobenormalwith quadraticform Ci j . If theinversesof theseformsareai j , bi j , ci j then

ci j
� ai j � bi j �

We wish to show that thesefunctionssatisfytheminimizing conditionsif andonly if ai j
� Kbi j andthus

givetheminimumH3 undertheconstraints.Firstwehave

logr � xi � � n
2

log
1

2i �Ci j
� � 1

2 ∑Ci jxix j� q � xi � si � logr � xi � dxi
� n

2
log

1
2i �Ci j

� � 1
2 ∑Ci j sisj � 1

2 ∑Ci jbi j �
Thisshouldequal

H3

H1

_
n
2

log
1

2i �Ai j
� � 1

2 ∑Ai jsisj h
which requiresAi j

� H1

H3
Ci j . In thiscaseAi j

� H1

H2
Bi j andbothequationsreduceto identities.
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APPENDIX 7

Thefollowing will indicateamoregeneralandmorerigorousapproachto thecentraldefinitionsof commu-
nicationtheory. Consideraprobabilitymeasurespacewhoseelementsareorderedpairs � x � y� . Thevariables
x, y areto beidentifiedasthepossibletransmittedandreceivedsignalsof somelongdurationT. Let uscall
thesetof all pointswhosex belongsto a subsetS1 of x pointsthestripoverS1, andsimilarly thesetwhose
y belongto S2 thestrip overS2. We divide x andy into a collectionof non-overlappingmeasurablesubsets
Xi andYi approximateto therateof transmissionR by

R1
� 1

T ∑
i

P � Xi � Yi � log
P � Xi � Yi �

P � Xi � P � Yi �
where

P � Xi � is theprobabilitymeasureof thestripoverXi

P � Yi � is theprobabilitymeasureof thestripoverYi

P � Xi � Yi � is theprobabilitymeasureof theintersectionof thestrips�
A furthersubdivisioncanneverdecreaseR1. For let X1 bedividedinto X1

� X >1 � X > >1 andlet

P � Y1 � � a P � X1 � � b � c

P � X >1 � � b P � X >1 � Y1 � � d

P � X > >1 � � c P � X > >1 � Y1 � � e

P � X1 � Y1 � � d � e�
Thenin thesumwehavereplaced(for theX1, Y1 intersection)� d � e� log

d � e
a � b � c� by d log

d
ab

� elog
e
ac
�

It is easilyshown thatwith thelimitation wehaveonb, c, d, e,_
d � e
b � c

h d G e ; ddee

bdce

andconsequentlythe sumis increased.Thusthe variouspossiblesubdivisionsform a directedset,with
R monotonicincreasingwith refinementof thesubdivision. We maydefineR unambiguouslyasthe least
upperboundfor R1 andwrite it

R � 1
T
�
� P � x � y� log

P � x � y�
P � x� P � y� dxdy�

This integral,understoodin theabovesense,includesboththecontinuousanddiscretecasesandof course
many otherswhich cannotberepresentedin eitherform. It is trivial in this formulationthat if x andu are
in one-to-onecorrespondence,theratefrom u to y is equalto thatfrom x to y. If v is any functionof y (not
necessarilywith an inverse)thenthe ratefrom x to y is greaterthanor equalto that from x to v since,in
thecalculationof theapproximations,thesubdivisionsof y areessentiallya finer subdivision of thosefor
v. Moregenerallyif y andv arerelatednot functionallybut statistically, i.e.,wehavea probabilitymeasure
space� y� v� , thenR� x � v��; R� x � y� . Thismeansthatany operationappliedto thereceivedsignal,eventhough
it involvesstatisticalelements,doesnot increaseR.

Anothernotion which shouldbe definedpreciselyin an abstractformulationof the theory is that of
“dimensionrate,” that is the averagenumberof dimensionsrequiredper secondto specifya memberof
anensemble.In thebandlimited case2W numberspersecondaresufficient. A generaldefinitioncanbe
framedasfollows. Let f qJ� t � be an ensembleof functionsandlet ¶ T r f qJ� t ��� f ¯J� t ��t be a metric measuring
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the“distance”from f q to f ¯ over the time T (for exampletheR.M.S.discrepancy over this interval.) Let
N �FA-����� T � be the leastnumberof elementsf which canbe chosensuchthat all elementsof the ensemble
apartfrom asetof measure� arewithin thedistanceA of at leastoneof thosechosen.Thuswearecovering
thespaceto within A apartfrom a setof smallmeasure� . We definethedimensionrate W for theensemble
by thetriple limit W � Lim� 
 0

Lim° 
 0
Lim
T 
 ∞

logN �KA1�F��� T �
T log A �

This is a generalizationof themeasuretypedefinitionsof dimensionin topology, andagreeswith theintu-
itivedimensionratefor simpleensembleswherethedesiredresultis obvious.
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